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FIVE DIMENSIONAL K-CONTACT MANIFOLDS OF RANK 2
HIRAKU NOZAWA
Abstract. AK-contact manifold is a smooth manifoldM with a contact form
α whose Reeb flow preserves a Riemannian metric g on M . If M is closed and
connected, then the closure of the Reeb flow in the isometry group of (M, g)
is a torus. The dimension of the torus is called the rank of the K-contact
manifold (M,α). A K-contact manifold (M,α) of rank n has an α-preserving
Tn-action.
We study the geometry of closed 5-dimensional K-contact manifolds of
rank 2. We show the following three theorems: i) A closed 5-dimensional
K-contact manifold of rank 2 is obtained from a lens space bundle over a
closed surface by a finite sequence of contact blowing up and down. ii) the
isomorphism classes of closed 5-dimensional K-contact manifolds of rank 2 are
determined by graphs of isotropy data which represent the combinatorial data
of the T 2-actions. iii) A closed 5-dimensional K-contact manifold of rank 2
has a compatible Sasakian metric. We also give a sufficient condition for a
closed 5-dimensional K-contact manifold of rank 2 to be toric.
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1. Introduction
We study 5-dimensional K-contact manifolds with interest in the geometry of
5-dimensional Sasakian manifolds. A K-contact manifold is an odd dimensional
manifold M with a contact form α whose Reeb flow preserves a Riemannian metric
g on M . Main examples are Sasakian manifolds, more specifically, contact toric
manifolds and links of isolated singularities of weighted homogeneous polynomials.
We focus on 5-dimensional K-contact manifolds of rank 2. A closed K-contact
manifold (M,α) has rank n if and only if the dimension of closures of generic orbits
of the Reeb flow on (M,α) is an n-dimensional torus. The rank of a (2n − 1)-
dimensional closed K-contact manifold is less than n+1. In the case of dimension
5, the other cases of rank 2 correspond to objects in other geometry as follows:
In the case of rank 1, K-contact manifolds are S1-orbibundles over symplectic
orbifolds. In the case of rank 3, there exists a one to one correspondence between
the underlying contact manifolds and cones in R3 by the results of Lerman [18] and
Boyer-Galicki [8].
We state our results. Our first result is as follows:
Theorem 1.1. Two closed 5-dimensional K-contact manifolds of rank 2 are iso-
morphic if and only if their graphs of isotropy data are isomorphic.
Graphs of isotropy data of closed 5-dimensional K-contact manifolds of rank 2
are graphs with the combinatorial data of the T 2-actions determined by the Reeb
flows. See Section 3 for the definition of graphs of isotropy data (Definition 3.10).
By Theorem 1.1, closed 5-dimensional K-contact manifolds of rank 2 are classified
by combinatorial objects. Theorem 1.1 has the following corollary:
Corollary 1.2. Two closed 5-dimensional K-contact manifolds (M0, α0) and (M1, α1)
of rank 2 are isomorphic if and only if there exists a diffeomorphism f : M0 −→M1
such that f∗R0 = R1 where Ri is the Reeb vector field of αi for i = 0 and 1.
Our main theorem concerns the classification of closed 5-dimensional K-contact
manifolds of rank 2 up to contact blowing up and down. Let (M,α) be a closed
5-dimensional K-contact manifold of rank 2. We denote the maximal component
and the minimal component of the contact moment map by Bmax and Bmin re-
spectively. Note that Bmin and Bmax are either closed orbits of the Reeb flow of
α or 3-dimensional submanifolds of M (See Lemma 3.3). Our main theorem is the
following:
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Theorem 1.3. (i) If (dimBmax, dimBmin) = (3, 3), then (M,α) is obtained
from a lens space bundle over a closed surface by a finite sequence of con-
tact blowing up.
(ii) If (dimBmax, dimBmin) = (1, 3) or (dimBmax, dimmin) = (3, 1), then
(M,α) is obtained from a lens space bundle over S2 by performing contact
blowing down once after a finite sequence of contact blowing up.
(iii) If (dimBmax, dimBmin) = (1, 1), then (M,α) is obtained from a lens space
bundle over S2 by performing contact blowing down twice after a finite
sequence of contact blowing up.
Contact blowing up is defined as special cases of contact cuts defined by Lerman
[17]. See Section 5 for the definition of contact blowing up. Contact blowing down
is the inverse operation of contact blowing up. We have the following corollary:
Corollary 1.4. Any closed 5-dimensional K-contact manifold of rank 2 is obtained
from a lens space bundle over a closed surface by a finite sequence of contact blowing
up and down.
We state two other results on the relation between geometry of 5-dimensionalK-
contact manifolds of rank 2 and toric or Sasakian geometry. Let G be the closure
of the Reeb flow in the isometry group Isom(M, g) for a Riemannian metric g
invariant under the Reeb flow. We denote the action of G on M by ρ. The identity
components of the isotropy groups of ρ at the maximal component and the minimal
component of the contact moment map on (M,α) for ρ by Gmax and Gmin:
Theorem 1.5. Assume that
(i) every closed orbit of the Reeb flow of α is isolated and
(ii) there exists an S1-subgroup G′ of G such that the orbits of the action of
G′ is transverse to kerα on M and both of G′ ×Gmax and G′ ×Gmin are
isomorphic to G,
then there exists an α-preserving T 3-action on (M,α).
Theorem 1.6. A closed 5-dimensional K-contact manifold (M,α) of rank 2 has a
Riemannian metric g such that (g, α) is a Sasakian metric on M .
Note that the condition (i) in Theorem 1.5 is equivalent to assume that dimBmin =
1 and dimBmax = 1 by Lemma 3.3. The condition (ii) in Theorem 1.5 can be trans-
lated into a condition on the image of the contact moment map (See Lemma 4.2).
See Section 7 for the definition of Sasakian metrics (Definition 7.1).
We explain our method of the proof of our theorems and the relation of our results
with study on 4-dimensional symplectic manifolds. Our main tool is the Morse the-
ory for the contact moment maps for T 2-actions associated with K-contact forms.
The Morse theory for moment maps was effectively used to study 4-dimensional
symplectic manifolds with hamiltonian S1-actions by Audin [2], Ahara-Hattori [1]
and Karshon [16]. The 5-dimensional K-contact manifolds of rank 2 are classified
by graphs by Theorem 1.1 as 4-dimensional symplectic manifolds with hamiltonian
S1-actions (See Theorem 4.1 of Karshon [16]). But the combinatorics of the clas-
sification are different from the 4-dimensional case. Ahara-Hattori and Karshon
showed that any 4-dimensional symplectic manifold with a hamiltonian S1-action
can be obtained from CP 2, Hirzebruch surfaces or ruled surfaces by a sequence of
S1-equivariant blowing up at the fixed points of the S1-action (See [1] and [16]). The
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S1-equivariant blowing up for 4-dimensional symplectic manifolds at fixed points
of the hamiltonian S1-action corresponds to contact blowing up along closed orbits
of the Reeb flow for 5-dimensional K-contact manifolds of rank 2. But the classi-
fication of 5-dimensional K-contact manifolds of rank 2 up to a finite sequence of
contact blowing up along closed orbits of the Reeb flow and its inverse operation
is more complicated even in the case of contact toric manifolds as we will see in
Subsection 5.4. If we allow to perform contact blowing up along lens spaces and its
inverse operation in addition, we have a classification theorem as Theorem 1.3.
Note that Theorems 1.1, 1.3, 1.5 and 1.6 have a certain correspondence to
Karshon’s results [16] for 4-dimensional symplectic manifolds with hamiltonian
S1-actions. But our proof of the latter three theorems without using the corre-
spondence between manifolds and graphs or the Duistermaat-Heckman measure is
different from Karshon’s method. Our proof of Theorems 1.3 and 1.5 is based on
the Morse theory of contact moment maps and combinatorial computation on Euler
numbers of locally free S1-actions on 3-dimensional orbifolds. We use the complex
orbifold theory to show Theorem 1.6.
This paper has eight sections: In Sections 2 and 3, we state the definitions, exam-
ples and properties of fundamental objects in 5-dimensional K-contact geometry.
We show Theorem 1.1 in Subsection 3.4.2. Section 4 is devoted to prove Theorem
1.5. We define contact blowing up and down in Section 5 to use in Sections 6 and
7. Theorem 1.3 is proved in Section 6. Section 7 is devoted to prove Theorem 1.6.
In Section 8, we summarize and prove local normal form theorems in K-contact
geometry, which are our fundamental tools throughout this paper.
The author expresses his gratitude to Emmanuel Giroux, Klaus Niederkru¨ger,
Patrick Massot and He´le`ne Eynard-Bontemps for having valuable discussion on
this research project at E´cole Normale Supe´rieure de Lyon. He is grateful to Hiroki
Kodama, Yoshifumi Matsuda, Masashi Takamura, Atsushi Yamashita, Inasa Naka-
mura, Chikara Haruta, Naoki Katou, Ryo Ando, Tomoyuki Ishida, Jun Ishikiriyama,
Naohiko Kasuya and Toru Yoshiyasu for attending the long seminar on this paper.
He expresses his gratitude to Hiroki Kodama for the discussion on contact toric
manifolds. He expresses his gratitude to Yoshifumi Matsuda for his encouragement
to complete this paper. Finally he expresses his gratitude to his adviser Takashi
Tsuboi.
Notation
The set of positive real numbers is denoted by R>0. The standard coordinate of
R>0 is written as r. The unit circle {ζ ∈ C||ζ| = 1} in the complex line is denoted
by S1. The standard coordinate of S1 is written as ζ. The disk {(z1, z2, · · · , zn) ∈
Cn|∑ni=1 |zi|2 ≤ ǫ2} of radius ǫ in Cn is denoted by D2nǫ . The standard coordinate
of D2nǫ is written as (z1, z2, · · · , zn). We write D2n for D2n1 . The unit sphere
{(z1, z2) ∈ C2||z1|2 + |z2|2 = 1} in C2 is denoted by S3. The standard coordinate
of S3 is written as (z1, z2). We regard finite cyclic groups as subgroups of {ζ ∈
C||ζ| = 1}.
For a topological group H , an H-action τ on a set A and a τ -invariant subset B
of A, we denote the cardinality of the kernel of H −→ Aut(B) by I(τ, B).
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2. Basic definitions and examples
We define K-contact manifolds and give several examples of K-contact mani-
folds. We see that there exist 5-dimensional K-contact manifolds of rank 2 which
have no K-contact structure of rank 3 using a result of Lerman [20].
2.1. K-contact manifolds and its rank.
Definition 2.1. (K-contact manifolds and K-contact submanifolds) An odd di-
mensional smooth manifold M with a contact form α is called K-contact if there
exists a Riemannian metric g on M preserved by the Reeb flow. A smooth contact
submanifold of a K-contact manifold (M,α) invariant under the Reeb flow of α is
called a K-contact submanifold of (M,α).
The Reeb flow on the manifold M with contact form α is the flow generated by
the Reeb vector field of (M,α).
We define the rank of K-contact manifolds. Let (M,α) be a connected closed
K-contact manifold. We take a Riemannian metric g invariant under the Reeb flow
on (M,α). Then the closure G of the Reeb flow in the isometry group Isom(M, g)
of (M, g) is a torus, because G is commutative and compact by the compactness of
Isom(M, g).
Definition 2.2. (Rank of K-contact manifolds) The dimension of the closure G
of the Reeb flow in Isom(M, g) is called the rank of (M,α).
We prepare a terminology for the action of G determined by the Reeb flow.
Definition 2.3. (Torus actions associated with K-contact forms) The action of the
closure G of the Reeb flow is called the torus action associated with the K-contact
form α.
The G-action ρ has the following properties:
(i) ρ preserves α.
(ii) The orbit of ρ coincide with the closures of the orbits of the Reeb flow.
In particular, the singular S1-orbits of ρ coincide with the closed orbits of
the Reeb flow.
(iii) A smooth Lie group action τ on M commutes with ρ if and only if τ
commutes with the Reeb flow on (M,α).
(iv) A smooth Lie group action which preserves α commutes with the Reeb
flow and ρ.
Hence the closures of the orbits of the Reeb flow are generically of the same dimen-
sion as G.
Finally, we remark that there exists a restriction on the rank of K-contact man-
ifolds. Fix a point x on M . Let C be the orbit of x of ρ. We show
Lemma 2.4. TxC∩(kerα)x is a Lagrangian subspace of the symplectic vector space
((kerα)x, dαx). In particular, the dimension of C is less than or equal to n for a
(2n− 1)-dimensional K-contact manifold (M,α).
Proof. We put X0 = R. Let X1, X2, · · · , Xk be the infinitesimal actions of ρ
such that {X0x, X1x, X2x, · · · , Xkx} is a basis of TxC. To show that TxC ∩ (kerα)x
is a Lagrangian subspace of ((kerα)x, dαx), it suffices to show dαx(Xix, Xjx) =
0 for every i and j. By LX0α = 0 and [X0, Xj ] = 0, we have X0(α(Xj)) =
6 HIRAKU NOZAWA
(LX0α)(Xj) + α([X0, Xj ]) = 0 for every j. Then α(Xj) is constant on C, since C
is the closure of the orbit of x of the Reeb flow. Since Xi is tangent to C, we have
Xi(α(Xj)) = 0 for every i and j. Since ρ preserves α, we have LXiα = 0. Then
dαx(Xix, Xjx) = −Xi(α(Xj))(x). Hence for every i and j, we have dαx(Xix, Xjx) =
−Xi(α(Xj))(x) = 0. Hence Lemma 2.4 is proved. 
Hence if we have an α-preserving effective T n-action τ on a (2n−1)-dimensional
closed K-contact manifold (M,α), ρ is a torus subaction of τ .
Lemma 2.5. Let (M,α) be a closed K-contact manifold. Assume that there exists
an α-preserving effective torus action τ on M whose product with ρ is an effective
Tm-action τ ′ on M . Then M has a K-contact form of rank m.
Note that since τ preserves α, τ commutes with ρ.
Proof. The Reeb vector field R is an infinitesimal action of τ . Let Ω be the set of
infinitesimal actions Y of τ ′ such that the orbits of the flow generated by the vector
field corresponding to Y are dense in the orbits of τ ′. Then Ω is dense in the set of
infinitesimal actions of τ ′. By closedness of M , we can take an infinitesimal action
Y0 of τ
′ sufficiently close to R so that α(Y0) has no zero onM . We put β = 1α(X0)α.
Since kerβ = kerα, β is a contact form. Since β(Y0) = 1 and LY0β = 0, Y0 is the
Reeb vector field of β. Then the rank of β is m. 
2.2. Examples of K-contact manifolds.
2.2.1. Circle bundles over symplectic manifolds. Let (B,ω) be a symplectic man-
ifold. Assume that the cohomology class of ω is contained in the image of the
canonical map H2(B;Z) −→ H2(B;R). Then there exists a principal S1-bundle
over B whose Euler class is equal to [ω]. There exists an S1-connection form α such
that dα = p∗ω where p is the projection from the total space M of the principal
S1-bundle to B. Then (M,α) is a K-contact manifold. The Reeb vector field R of
(M,α) generates the principal S1-action on M . Hence the rank of (M,α) is 1.
We see that M has a K-contact form of rank 2 if (B,ω) has a hamiltonian
S1-action σ. We denote a hamiltonian function of σ by h and the infinitesimal
action of σ by X . There uniquely exists a vector field X˜ on M which satisfies
p∗X˜ = X and α(X˜) = 0. We put Y = X˜ − hR. Then the flow generated by
Y preserves α. Note that a function h′ = h + c is also a hamiltonian function
of σ for an arbitrary constant c. We can choose c so that the orbits of the flow
generated by Y ′ = X˜ − h′R are closed (See the third paragraph of the proof of
Lemma 8.16). Hence Y ′ generates an S1-action τ on M which preserves α. Then
we have [Y ′, R] = 0. Hence Y ′ and R generate an effective α-preserving T 2-action.
By Lemma 2.5, M has a K-contact form of rank 2.
2.2.2. Contact toric manifolds.
Definition 2.6. (Contact toric manifolds) A (2n−1)-dimensional manifold with a
contact structure ξ and a ξ-preserving T n-action is called a contact toric manifold.
If n is greater than 2, then there exists a one to one correspondence between equi-
variant isomorphism classes of contact toric manifolds and isomorphism classes of
good cones in Rn, which are polyhedra in Rn with certain combinatorial conditions
(See Lerman [18] and Boyer-Galicki [8]). Lerman [20] showed that the fundamental
group of a contact toric manifold is finite and abelian.
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Let Ω be the subset of Lie(T n) consisting of the elements whose infinitesimal
actions are the Reeb vector fields of contact forms β which satisfy kerβ = ξ. Then
Ω is a connected cone in Lie(T n). Since the flow generated by the infinitesimal
action of an element of Ω preserves a T n-invariant metric, the contact form whose
Reeb vector field corresponds to an element of Ω is K-contact. Lie(T n) has the
lattice Lie(T n)Z defined by the kernel of the exponential map Lie(T
n) −→ T n.
Take a Z-basis {Xi}ni=1 of Lie(T n)Z. The rank of the K-contact form β which
corresponds to an element X =
∑n
i=1 aiXi of Ω is equal to the dimension of the
vector space SpanQ{a1, a2, · · · , an} over Q.
2.2.3. Fiber join construction and contact fiber bundles. The fiber join construction
is due to Yamazaki [30]. The contact fiber bundle construction is due to Lerman
[19]. The contact fiber bundle construction is a generalization of the fiber join
construction.
Let (N, β) be a K-contact manifold. Assume that β is invariant under an action
ρ of a compact Lie group G. Let B be a closed manifold and π : E −→ B be
a principal G-bundle over B. Assume that a G-connection form α satisfies the
following condition: The composition of
(1) kerα⊗ kerα curv(α)// Lie(G) Φ(x) // R
is nondegenerate at every point x on N , where curv(α) is the curvature form of
α and Φ(x) is the value at the point x of the contact moment map of (N, β) for
ρ (See Definition 3.1). Then we have a K-contact form on the total space of the
bundle E ×G N associated with the principal G-bundle π which is invariant under
the induced action of G.
Let Sg be an oriented closed surface of genus g. Let L(p, q) be the lens space of
type (p, q). By the above construction, we obtain a K-contact form on Sg ×L(p, q)
of rank 2 such that {x} × L(p, q) is a K-contact submanifold for each x in Sg.
If g is positive, then the fundamental group of Sg × L(p, q) is not finite. These
are the examples of the K-contact manifolds of rank 2 which cannot have a K-
contact structure of rank 3, because 5-dimensional contact toric manifolds have
finite abelian fundamental groups by a result of Lerman [20].
2.2.4. Join construction. The join construction is an orbifold version of the contact
fiber bundle construction due toWang-Ziller [28]. See also Boyer-Galicki-Ornea [11].
Let (M1, α1) be a 3-dimensional K-contact manifold of rank 1. Let (M2, α2)
be a 3-dimensional K-contact manifold of rank 2. If the diagonal action of S1 on
M1 ×M2 is free, then we have a K-contact form on M1 ×S1 M2 of rank 2 induced
from the 1-form α1 − α2 on M1 ×M2.
2.2.5. Links of weighted homogeneous polynomials. A polynomial f in C[z1, z2, · · · , zn]
is weighted homogeneous if f satisfies
(2) f(λw1z1, λ
w2z2, · · · , λwnzn) = λdf(z1, z2, · · · , zn)
for a vector w = (w1, w2, · · · , wn) whose entries are positive integers, a positive
integer d and any λ in C. If the hypersurface in Cn defined by f has an isolated
singularity at 0, then the link Lf of f at 0 is defined by
(3) Lf = {(z1, z2, · · · , zn) ∈ Cn|f(z1, z2, · · · , zn) = 0,
n∑
i=1
|zi|2 = 1}.
8 HIRAKU NOZAWA
Lf is a smooth manifold with the K-contact form defined by the restriction of the
contact form
(4) αw =
n∑
i=1
√−1(zidzi − zidzi)
2wi|zi|2
on the unit sphere S2n−1 in Cn. Note that the Reeb vector field of αw generates
the S1-action defined by λ · (z1, z2, · · · , zn) = (λw1z1, λw2z2, · · · , λwnzn) for λ in
S1. The equation (2) implies that the hypersurface defined by f is invariant under
the Reeb flow of αw. See [9] and [26].
We see that Lf has a K-contact form of rank 2 if
(5) f(λv1z1, λ
v2z2, · · · , λvnzn) = λd′f(z1, z2, · · · , zn)
is satisfied for an element v of Zn which is not parallel to w and an integer d′.
Define an S1-action σv on S
2n−1 by λ · (z1, z2, · · · , zn) = (λv1z1, λv2z2, · · · , λvnzn).
Then σv preserves αw. Moreover Lf is preserved by σv. Hence Lf has a K-contact
form of rank 2 by Lemma 2.5.
3. Contact moment maps and graphs of isotropy data
We define the contact moment maps and show that the contact moment maps on
5-dimensional K-contact manifolds of rank 2 are Bott-Morse functions. We define
graphs which represent combinatorial properties of the torus actions associated with
K-contact forms. We will show Theorem 1.1 which claims that graphs of isotropy
data classify closed 5-dimensional K-contact manifolds.
3.1. Contact moment maps. Let (M,α) be a closed connected 5-dimensional
K-contact manifold of rank 2. We denote the Reeb vector field of α by R. Let H
be a Lie group and τ be an α-preserving H-action on M . For each point x on M ,
we define an element αx of the R-dual space Lie(H)
∗ of Lie(H) by αx(Y ) = αx(Yx)
for an element Y of Lie(H) where Y is the infinitesimal action of Y .
Definition 3.1. (Contact moment maps) We define the contact moment map ΦHα
of (M,α) for τ by
(6)
ΦHα : M −→ Lie(H)∗
x 7−→ αx.
Let G be the closure of the Reeb flow in the isometry group Isom(M, g) for a
Riemannian metric g invariant under the Reeb flow. We denote the action of G
on M by ρ. Let Φα be the contact moment map for ρ. We fix a basis {R,X} of
Lie(G) where R is the element of Lie(G) whose infinitesimal action is R. Let Φα
be the contact moment map for ρ. Then Φα is presented as
(7) Φα(x) = αx(Rx)R
∗
+ αx(Xx)X
∗
= R
∗
+ αx(Xx)X
∗
where {R∗, X∗} is the basis of Lie(G)∗ dual to {R,X} and X is the infinitesimal
action of X. Hence the image of Φα is contained in a 1-dimensional affine space
{v ∈ Lie(G)∗|v(R) = 1} of Lie(G)∗. We often fix X as above and consider the
function Φ = α(X) : M −→ R. Φ is unique up to the multiplication by a real
number.
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Definition 3.2. (The maximal component and the minimal component of the con-
tact moment map) We call the maximal component Bmax and the minimal compo-
nent Bmin of α(X) the maximal component and minimal component of the contact
moment map.
Note that the maximal component and the minimal component can change if we
change X .
Φ has the following fundamental properties.
Lemma 3.3. (i) Each level set of Φ is a union of orbits of ρ and connected.
(ii) Let Sing ρ be the union of closed orbits of the Reeb flow on (M,α). Then
we have CritΦ = Sing ρ.
(iii) Every connected component of CritΦ is an odd dimensional K-contact
submanifold of M .
(iv) Except Bmax and Bmin, every connected component of CritΦ is a closed
orbit of the Reeb flow.
Proof. (i) Since we have
(8) Y (α(X)) = LY α(X) + α([Y,X ]) = 0
for an infinitesimal action Y of ρ, α(X) is constant on the orbits of ρ. Hence the
former part follows. Let σ be an S1-subaction of ρ generated by a vector field Z
whose orbits are transverse to kerα. We define a 1-form β by 1α(Z)α. Then by
the argument in the proof of Lemma 2.5, β is the contact form with Reeb vector
field Z defining the contact structure kerα. dβ induces a symplectic form ω on the
orbifold M/σ. ρ induces an ω-preserving S1-action τ on M/σ. By LZβ = 0, we
have
(9) d(β(Z))(Y ) = −dβ(Z, Y )
for a vector field on M/σ. (9) implies that α(Z) is a hamiltonian function for the
S1-action τ on (M/σ, ω). The latter part follows from the connectivity of the fiber
of symplectic moment maps for hamiltonian actions on symplectic orbifolds. We
refer [21].
(ii) For a point x on M and a vector Yx in TxM , we have
(10) d(α(X))x(Yx) = −dαx(Xx, Yx)
by LXα = 0. The left hand side of (10) is 0 for every Y in TxM if and only if x
is a critical point of Φ. Since dαx is nondegenerate on TxM/RRx, the right hand
side of (10) is 0 for every Y in TxM if and only if Xx is parallel to Rx. Hence the
proof is completed.
We show (iii) and (iv). If the isotropy group GΣ of ρ at Σ is connected, then we
have an open tubular neighborhood of Σ which is diffeomorphic to S1 × D4ǫ such
that α(X) is written in the standard coordinate as
(11) α(X) = w1|z1|2 + w2|z2|2 + c
for real numbers w1, w2 and c where Σ = {(ζ, z1, z2) ∈ S1 × D4ǫ |z1 = 0, z2 = 0}
by the argument in Subsection 8.3.2. Then the connected component of Crit Φ is
{z1 = 0}, {z2 = 0} or {z1 = 0, z2 = 0}. The first two cases occur only if Σ is
contained in the minimal component Bmin or in the maximal component Bmax of
Φ. Hence (iii) and (iv) are proved in this case. If GΣ is not connected, we have a
finite cyclic covering of open tubular neighborhood of Σ which is diffeomorphic to
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S1 × D4ǫ such that the pullback of α(X) is written as (11) by Lemma 8.23. The
rest of the argument is the similar to the previous case. 
3.2. Chains of gradient manifolds. We apply the Bott-Morse theory to the
contact moment maps for the torus action associated with K-contact forms of rank
2.
Let (M,α) be a 5-dimensional K-contact manifold of rank 2. We denote the
Reeb vector field of α by R.
Definition 3.4. (Riemannian metrics compatible with K-contact forms) We say
a Riemannian metric g on M invariant under the Reeb flow is compatible with α
if the following conditions are satisfied:
(i) The element J in Aut(kerα) determined by the equation g(Jv, w) = dα(v, w)
for every v and w in C∞(kerα) satisfies J2 = − id |kerα.
(ii) kerα is orthogonal to R with respect to g.
We show that there exists a compatible metric g on any K-contact manifold
(M,α) as follows: Fix a metric g′ invariant under the Reeb flow. Let G be the
closure of the Reeb flow in Isom(M, g′). Then kerα is a G-equivariant vector bundle
over M with an invariant symplectic structure dα|kerα. Define A in Aut(kerα) by
dα(Y, Z) = g′(AY,Z) for Y and Z in C∞(kerα). −A2 is positive symmetric with
respect to g. Hence
√−A2 is well-defined. We put J = (√−A2)A. Then J is a
G-invariant complex structure compatible with dα. The metric g1 on kerα defined
by g1(Y, Z) = dα(Y, JZ) is a G-invariant metric compatible with dα. We obtain a
metric compatible with α by extending g1 to TM ⊗TM so that R is orthogonal to
kerα.
We fix a metric g on M compatible with α. Let G be the closure of the Reeb
flow in Isom(M, g). Let ρ be the action of G on M . We fix an element X of Lie(G)
which is not parallel to the element corresponding to R. We denote the function
α(X) on M by Φ. Then we have
(12) grad(Φ) = −JX, [X, JX ] = 0, [R, JX ] = 0.
Hence we have a (T 2×R)-action σ on M by the product of ρ and the gradient flow
of Φ on M .
Definition 3.5. (Gradient manifolds and their limit sets) An orbit of σ is called
a gradient manifold. A gradient manifold L is called free if L contains a T 2-orbit
of ρ consisting of points with trivial isotropy group. The α-limit set of a gradient
manifold L is the union of α-limit set of the orbit of the gradient flow of Φ contained
in L. The ω-limit set of L is defined similarly.
Then we have the following lemma:
Lemma 3.6. (i) Let L be a gradient manifold in (M,α). Then (L, α|L) is a
K-contact manifold of rank 2.
(ii) The isotropy groups of ρ at any two points in a gradient manifold coincide.
(iii) The α-limit set of a gradient manifold is a closed orbit of the Reeb flow.
The ω-limit set of a gradient manifold is a closed orbit of the Reeb flow.
(iv) Let Σ be a closed orbit of the Reeb flow. If Σ is not contained in Bmax
nor in Bmin, then Σ is the α-limit set and the ω-limit set of two different
gradient manifolds. If Σ is contained in Bmax or Bmin of dimension 3,
then Σ is the ω-limit set or the α-limit set of a gradient manifold. If Σ
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is contained in Bmax or Bmin of dimension 1, then Σ is the ω-limit set or
the α-limit set of uncountably many gradient manifolds.
(v) If a limit set Σ of a gradient manifold L is not contained in Bmax or Bmin
of dimension 1, then the closure of L is a smooth submanifold of M near
Σ. A closed orbit Σ of the Reeb flow in Bmax or Bmin of dimension 1
is contained in the closure of two gradient manifolds whose closures are
smooth submanifolds near Σ.
Proof. (i) Let J be the complex structure on kerα defined by dα and g. By the
first equation of (12), TL ∩ kerα is spanned by X and JX . Hence TL ∩ kerα is
a symplectic subspace of (kerα, dα). Since L is a union of the orbits of Reeb flow,
(L, α|L) is a K-contact manifold. Since L contains the orbits of the Reeb flow, the
rank of (L, α|L) is 2.
(ii) follows from the fact that ρ commutes with the gradient flow of Φ.
(iii) and (iv) follow from the facts that Φ is a Bott-Morse function and the Morse
index of each connected component of CritΦ is even. We will show that Φ is a Bott-
Morse function. By Lemma 3.3, each connected component of Crit Φ is a smooth
submanifold of M which is a union of closed orbits of the Reeb flow of α. Let Σ be
a closed orbit of the Reeb flow of α. By Lemma 8.23 and (247), we have a finite
covering of an open tubular neighborhood of Σ diffeomorphic to S1×D4ǫ such that
Φ is written as
(13) α(X) = w1|z1|2 + w2|z2|2 + c
in the standard coordinate on S1×D4ǫ for some real numbers w1 and w2 such that
Σ is defined by the equation z1 = 0 and z2 = 0. We can assume that w1 ≥ w2. If
both of w1 and w2 are nonnegative, then Σ is contained in the minimal component
of Φ and the Morse index is 0. If w1 is positive and w2 is negative, then Σ is a
connected component of Crit Φ of Morse index 2. If both of w1 and w2 are negative,
then Σ is contained in the maximum component of Φ and the Morse index is 4.
In any case, the Hessian HessΦ of Φ is nondegenerate on the transverse direction
of the connected component of CritΦ. Hence Φ is a Bott-Morse function and
the Morse index of each connected component of CritΦ is even. Let {φt} be the
flow generated by gradΦ. Then HessΦ at x0 is dual to the element of Aut(Tx0M)
defining the differential of the action of {−(Dφt)x0}t∈R on Tx0M . In fact, for vector
fields Y and Z locally defined near x0, we have
(14)
HessΦ(Yx0 , Zx0) = (Y ZΦ)(x0) = Yx0dΦ(Z)(x0) = Yx0(g(gradΦ, Z))(x0) = g([Y, gradΦ], Z)(x0).
The last equality follows from the chain rule and the equality (gradΦ)x0 = 0.
Since the differential of the action of {−(Dφt)x0}t∈R on Tx0M by mapping Yx0
to [gradΦ, Y ]x0 , (14) implies that the Hessian of Φ at x0 is dual to the element
of Aut(Tx0M) defining the differential of the action of {−(Dφt)x0}t∈R on Tx0M .
Hence the dimension of W sloc 1 is equal to the dimension of the maximal positive
definite subspace of Tx0M with respect to HessΦ.
Then (iii) and (iv) follow from the stable manifold theorem for flows:
Theorem 3.7. Let Z be a smooth vector field on a smooth manifold M . Let {φt}
be the flow generated by Z. Suppose that x0 is a fix point of {φt}. Then we have
a decomposition Tx0M = Ws ⊕Wc ⊕Wu where Ws, Wc and Wu are the union of
generalized eigenspaces of the linear action of {(Dφt)x0}t∈R on Tx0M with respect
to eigenvalues of the absolute value less than 1, the absolute value 1 and the absolute
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value greater than 1 respectively. Then there exist an open neighborhood U of x0,
a distance d on U and a smoothly embedded disk W sloc in M such that
(i) W sloc = {x ∈ U |φt(U) ∈ U for every t in R>0 and d(φt(x), 0) tends to zero
exponentially },
(ii) W sloc tangent to Ws at 0 and
(iii) φ1|W s
loc
is a contraction map on (W sloc, d).
Proof. By Theorem III.7 (1) in [25], we have an open neighborhood U , a distance
d on U and a smoothly embedded disk W sloc 1 in M such that
(i) W sloc 1 = {x ∈ U |φn1 (U) ∈ U for every n ≥ 0 and d(φn1 (x), 0) tends to zero
exponentially },
(ii) W sloc 1 tangent to Ws at 0 and
(iii) φ1|W s
loc 1
is an contraction map on (W sloc 1, d).
Since φ1|W s
loc 1
is an contraction map on (W sloc 1, d), we can assume that U is rel-
atively compact changing W sloc 1 smaller. We put W
s
loc = {x ∈ U |φt(U) ∈ U for
every t in R>0 and d(φt(x), 0) tends to zero exponentially }. We put ||v|| = d(v, 0)
for v in W sloc 1. To show Theorem 3.7, it suffices to show that W
s
loc = W
s
loc 1. W
s
loc
is contained in W sloc 1 by definition. Take a point y on W
s
loc 1. We fix a constant c
such that d(Dφt(v), 0) ≤ c for every t in [0, 1] and v in U . For t in R>0, we denote
the greatest integer which is less than n by E(n). By the mean value theorem, we
have
(15)
||φt(y)|| = ||φt−E(t)(φE(t)(y))−φt−E(t)(φE(t)(0))|| = sup
v∈U
||Dφt(v)||||φE(t)(y)−φE(t)(0)|| ≤ c||φE(t)(y)||.
Since ||φE(t)(y)|| tends to zero exponentially when t tends to ∞, ||φt(y)|| tends to
zero exponentially. Hence we have W sloc = W
s
loc 1. The proof of Theorem 3.7 is
completed. 
We show (v). If a limit set Σ of a gradient manifold L is not contained in Bmax
or Bmin of dimension 1, then the stable manifolds and the unstable manifolds of Σ
are of dimension 3. Hence L is the stable manifold or the unstable manifold of Σ,
which has a smooth closure near Σ by Theorem 3.7. The latter part of (v) follows
from Lemma 8.25. 
We define chains of gradient manifolds.
Definition 3.8. (Chains and its nontriviality) A chain is a finite ordered set of
gradient manifolds {L1, L2, · · · , Lk} of Φ which satisfies the following conditions:
(i) The α-limit set of L1 is a closed orbit of the Reeb flow contained in Bmin.
(ii) The ω-limit set of Lk is a closed orbit of the Reeb flow contained in Bmax.
(iii) The α-limit set of Li and the ω-limit set of Li+1 coincide with each other
(i = 1, 2, · · · , k − 1).
A chain is nontrivial if it contains more than one gradient manifold or a gradient
manifold consisting of points with nontrivial isotropy group of ρ.
3.3. K-contact submanifolds. We have the following:
Lemma 3.9. (i) We put N = {x ∈ M − CritΦ|Gx 6= {e}}. Each connected
component of N is a gradient manifold whose closure in M is a smooth
submanifold diffeomorphic to a lens space.
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(ii) A connected 3-dimensional closed K-contact submanifold of (M,α) con-
sisting of points with nontrivial isotropy groups of ρ is Bmin, Bmax or the
closure of a gradient manifold.
(iii) The isotropy group GL of ρ at a connected component L of N is cyclic.
Proof. (i) Let L be a connected component of N . Take a point x in L and fix a
metric g on M . Let L′ be the gradient manifold containing x. Since two points of
L′ have the same isotropy groups of ρ by Lemma 3.6 (ii), L′ is contained in L. On
an open tubular neighborhood of a limit set Σ of L′, ρ is written as
(16) (t0, t1) · (ζ, z1, z2) = (tn00 ζ, tn10 tm11 z1, tn20 tm21 z2)
for some integers n0, n1, n2,m1 and m2 by Lemma 8.24 where Σ is {(ζ, z1, z2) ∈
S1 × D4|z1 = 0, z2 = 0}. Both of L′ and L should coincide with {(ζ, z1, z2) ∈
S1×D4|z1 = 0, z2 6= 0} or {(ζ, z1, z2) ∈ S1×D4|z1 6= 0, z2 = 0}. Hence the closure
of L is a smooth submanifold. Since the closure of L in M is a 3-dimensional K-
contact manifold of rank 2 by Lemma 3.6, the closure of L is diffeomorphic to a
lens space by the classification theorem of contact toric manifolds by Lerman [18].
(ii) A K-contact submanifold of (M,α) consisting of points with nontrivial
isotropy groups is contained in the closure of N or CritΦ. Hence (ii) follows from
(i) and Lemma 3.3.
(iii) Since GL acts on a fiber of the normal bundle of L in M effectively and
linearly, GL is isomorphic to a subgroup of SO(2). Hence GL is cyclic. 
3.4. Combinatorial classification of closed 5-dimensional K-contact man-
ifolds of rank 2. We define graphs of isotropy data of closed 5-dimensional K-
contact manifolds of rank 2 which represent combinatorial data of the T 2-actions
associated with K-contact forms. We show that a closed 5-dimensional K-contact
manifold of rank 2 can be recovered from the graph of isotropy data. Hence closed
5-dimensional K-contact manifolds of rank 2 are combinatorially classified. How-
ever, we do not know a good criterion to know whether a given graph can be realized
by a closed 5-dimensional K-contact manifolds of rank 2 or not.
Karshon [16] defined graphs for 4-dimensional symplectic manifolds with hamil-
tonian S1-actions which have the combinatorial data of the S1-actions and the
hamiltonian functions for the S1-actions. Karshon’s uniqueness theorem claims
that 4-dimensional symplectic manifolds with hamiltonian S1-actions can be recov-
ered from the graph. Our results and arguments in this subsection are similar to
those of Karshon in [16].
3.4.1. Graphs of isotropy data. Let (M,α) be a closed 5-dimensional K-contact
manifold of rank 2. Let G be the closure of the Reeb flow in Isom(M, g) for a metric
g onM compatible with α. Let ρ be the action of G onM . Let Sing ρ be the union
of closed orbits of the Reeb flow of α. The maximal and minimal components of
the contact moment map for ρ are denoted by Bmax and Bmin respectively. We fix
an isomorphism ψ from G to T 2 and identify Lie(G) with Lie(T 2) by ψ∗. We define
the graph of isotropy data of (M,α, ψ).
Definition 3.10. (Graph of isotropy data of (M,α, ψ)) The graph of isotropy data
of (M,α, ψ) is the graph Γ = (V,E) with data attached to the set V of vertices and
to the set E of edges which we define as follows:
(i) V is defined to be π0(Sing ρ).
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(17)
Figure 1. A graph of isotropy data
(ii) E is defined to be the set of K-contact lens spaces consisting of points
with nontrivial isotropy groups of ρ. An edge e connects two elements of
π0(Sing ρ) which contain the α-limit set or the ω-limit set of e.
(iii) A vertex v has the datum of the isotropy group of ρ at v.
(iv) An edge e has the datum of the isotropy group of ρ at e.
(v) Let B be Bmax or Bmin of dimension 3. Then the corresponding vertex to
B is defined to be a fat vertex. We attach the following three data to a fat
vertex:
(a) The isotropy group of ρ at B.
(b) The Seifert invariant of the Seifert fibration with oriented base space
on B defined by the Reeb flow.
(c) The Euler class of the symplectic normal bundle of B in M .
(vi) The graph Γ has the datum of the element R in Lie(T 2) whose infinitesimal
action is the Reeb vector field of α.
Note that the normal form imposes the following relation among the data by
Lemma 8.29: Assume that Bmin or Bmax is of dimension 3 and has an exceptional
S1-orbit Σ of the Reeb flow. Let L be the gradient manifold whose limit set contains
Σ. Then the cardinality of the isotropy group of ρ at L is equal to the multiplicity
of Σ as an exceptional orbit of the Seifert fibration on Bmin.
Note that the graphs of isotropy data do not control the free gradient manifolds.
We define the isomorphism between graphs of isotropy data. Let Γ0 = (V0, E0)
and Γ1 = (V1, E1) be two graphs of isotropy data.
Definition 3.11. A pair of maps φV : V0 −→ V1 and φE : E0 −→ E1 is called an
isomorphism between graphs of isotropy data if the endpoints of φE(e) are φV (v)
and φV (v
′) for every e in E0 where v and v′ are endpoints of e, and the data
attached to vertices and edges correspond to each other by an automorphism Aφ of
T 2.
3.4.2. Recovering closed 5-dimensional K-contact manifolds of rank 2 from the
graphs of isotropy data. Let (Mi, αi) be a closed 5-dimensional K-contact mani-
fold of rank 2 for i = 0 and 1. Let Ri be the Reeb vector field of αi for i = 0 and
1. Let Gi be the closure of the Reeb flow in Isom(Mi, gi) for a metric gi on Mi
compatible with αi for i = 0 and 1. Let ρi be the Gi-action on Mi for i = 0 and
1. We fix an isomorphism ψi from Gi to T
2 for i = 0 and 1. We identify Gi with
T 2 by ψi and Lie(Gi) with Lie(T
2) by ψi∗. Φαi : Mi −→ Lie(T 2)∗ be the contact
moment map for ρi on (Mi, αi) for i = 0 and 1. We denote the element of Lie(T
2)
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corresponding to the Reeb vector field of αi by Ri for i = 0 and 1. Let Γi be the
graph of isotropy data of (Mi, αi, ψi) for i = 0 and 1.
We have the following result similar to Proposition 4.3 of [16]:
Proposition 3.12. If there exists an isomorphism (φV , φE) between Γ0 and Γ1,
then there exists a diffeomorphism f : M0 −→M1 such that
(i) f induces (φV , φE) between Γ0 and Γ1,
(ii) f∗R0 = R1 and
(iii) Aφ ◦ Φα1 ◦ f = Φα0 where Aφ is the automorphism of T 2 associated with
(φV , φE).
Proof. By the definition of isomorphisms between graphs of isotropy data, we can
assume that R0 = R1 in Lie(T
2) and that the corresponding vertices and edges of
Γ0 and Γ1 corresponded by (φV , φE) have the same data. Fix X in Lie(T
2) which
is not parallel to R0 = R1. We define a function Φi on Mi by Φi(x) = αi(Xi)(x)
for a point x onMi where Xi is the infinitesimal action of X on Mi for i = 0 and 1.
Let Bmin i and Bmax i be the minimal and the maximal component of Φi for i = 0
and 1.
We fix a metric gi on Mi compatible with αi for i = 0 and 1. Applying Lemma
8.41 to Bmax 0, we take g0 so that
(i) for every isolated closed orbit Σ of the Reeb flow of α0, g0 is Euclidean
with respect to a coordinate on a finite covering of an open neighborhood
of Σ which represent α0 as (243) and
(ii) the C×-action defined by the product of the gradient flow of Φ0 and the
action of the isotropy group of ρ0 at Bmax 0 is locally isomorphic to a linear
C×-action on the normal bundle of Bmax0 near Bmax 0.
Note that the isotropy group of ρ0 at Bmax0 principally acts on the normal circle
bundle of Bmax 0 by the effectiveness of ρ0. By Lemma 3.13 shown below, we can
modify gi on the complement of an open neighborhood of the union of closed orbits
of the Reeb flow so that gi is still compatible with αi and one of limit sets of a free
gradient manifold is contained in Bmin i or Bmax i for i = 0 and 1.
By the assumption, Lemmas 8.27 and 8.39, there exists a diffeomorphism fmin
which maps an open neighborhood of Bmin0 to an open neighborhood of Bmin 1 and
satisfies f∗minα1 = α0.
We define a subset Ni of Mi to be the union of smooth K-contact lens spaces in
Mi which are the closures of gradient manifolds whose ω-limit sets are not contained
in Bmax i. Let C
j
0 be the closures of connected components of N0 − Bmin0 in M0
for j = 1, 2, · · · , k. Let Cj1 be the union of the K-contact lens spaces in (M1, α1)
corresponding to the K-contact lens spaces contained in Cj0 by (φV , φE) for j = 1,
2, · · · , k. By the assumption and Lemma 8.37, there exists an isomorphism f j from
an open neighborhood of Cj0 to an open neighborhood of C
j
1 such that f
j coincides
with fmin near Bmin0 for each j if the bottom closed orbit of C
j
0 is contained in
Bmin0. Hence we have a local diffeomorphism f which satisfies the following:
(i) f maps an open neighborhoodW0 of N0∪Bmin0 to an open neighborhood
W1 of N1 ∪Bmin 1,
(ii) f induces (φV , φE) and
(iii) f∗α1 = α0.
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We modify the metric g1 onM1 compatible with α1 so that f
∗g1 = g0. Since one
of the limit sets of every free gradient manifold with respect to g0 is contained in
Bmin0 or Bmax0, one of the limit sets of every free gradient manifold with respect
to g1 is also contained in Bmin 1 or Bmax 1.
Let Σji be the bottom closed orbit of C
j
i . Since the assumption of Lemma 8.36
is satisfied, we can extend f near the gradient manifolds whose closure is not a
smooth submanifold of Mi and which connect Σ
j
i to Bmin i by Lemma 8.36, so that
(i) f maps an open neighborhood V0 of the union of Bmin0 and the gradi-
ent manifolds whose ω-limit sets are not contained in Bmax 0 to an open
neighborhood V1 of the union of Bmin1 and the gradient manifolds whose
ω-limit sets are not contained in Bmax 1,
(ii) f induces (φV , φE) and
(iii) f∗α1 = α0.
We modify g1 so that g1 is compatible with α1 and satisfies f
∗g1 = g0.
By Lemma 3.14 shown below, we have an open subset U0 of V0 which is an open
neighborhood of the union of Bmin0 and gradient manifolds whose ω-limit sets
are not contained in Bmax 0 such that U0 satisfies φ
t
0(U0) ⊂ U0 for every negative t
where {φt0} is the gradient flow of Φ0 onM0. We put U1 = f(U0). Then U1 contains
the union of Bmin 0 and gradient manifolds whose ω-limit sets are not contained in
Bmax. U1 satisfies that φ
t
1(U1) ⊂ U1 for every negative t where {φt1} is the gradient
flow on M1, since f is an isometry and satisfies f
∗α1 = α0.
By the assumption, Lemmas 8.27 and 8.39, there exists a diffeomorphism fmax
which maps an open neighborhood Umax0 of Bmax 0 to an open neighborhood Umax1
of Bmax 1 and satisfies f
∗
maxα1 = α0.
By Lemma 3.15 shown below, there exists a metric g′0 on M0 compatible with
α0 which satisfies the following conditions:
(i) g′0(X0, X0) is constant on the intersection of M0−U0 and each level set of
Φ0,
(ii) g′0|U ′max 0 = g0|U ′max 0 for an open neighborhood U ′max 0 of Bmax 0 in Umax0
and
(iii) there exist a smooth function h0 such that h0J0X0 = J
′
0X0 where J0 and
J ′0 are the CR structures determined by g0 and g
′
0 with α0, respectively.
We take a metric g′1 on M1 compatible with α1 such that g
′
0 = f
∗g′1, g
′
0 = f
∗
maxg
′
1
and g′1(X0, X0) is constant on each level set of Φ1. Note that U0 is invariant under
the gradient flow with respect to g′0 in the negative direction, because the orbits of
the gradient flow with respect to g′0 are same as the orbits of the gradient flow with
respect to g0 by the condition (iii). U1 is also invariant under the gradient flow of
Φ1 with respect to g
′
1 in the negative direction.
Let J ′i be the complex structure defined by g
′
i and dαi. Then the gradient flow of
Φi with respect to g
′
i is generated by J
′
iX0 by (12). By the condition (i), gradΦi(Φi)
is constant on the intersection ofM0−U0 and each level set of Φi. In fact, we have
(18)
gradΦi(Φi) = dΦi(gradΦi) = g
′
i(gradΦi, gradΦi) = g
′
i(J
′
iX0, J
′
iX0) = g
′
i(X0, X0)
by (12). Hence the intersection of M0 − U0 and the level sets of Φ0 are mapped to
the intersection of M0 − U0 and the level sets of Φ0 by the gradient flow of Φ0.
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We extend f onM0−Bmax 0 by f(x) = φ′t1 ◦f ◦φ′−t0 (x) where φ′−ti is the gradient
flow of Φi with respect to g
′
i for i = 0, 1 and t is taken so that φ
′−t
0 (x) is contained
in U0. Then f is well-defined and we have
(i) f maps M0 −Bmax 0 to M1 −Bmax1,
(ii) f induces (φV , φE),
(iii) Φ1 ◦ f = Φ0 and
(iv) f is T 2-equivariant
by the construction of g′0 and g
′
1.
We consider the case where Bmax 0 and Bmax 1 are of dimension 3. We will show
that f extends toM0 smoothly. By the condition (ii) in the second paragraph of the
proof of Proposition 3.12, the C×-action defined by the product of the gradient flow
of Φi and the action of the isotropy group of ρi at Bmax i is locally isomorphic to a
linear C×-action on the normal bundle of Bmax i near Bmax i. Since f is equivariant
with respect to the C×-actions defined by the product of the gradient flow of Φi and
the action of the isotropy group of ρi at Bmax i, f can be regarded as a bundle map
between vector bundles from the normal bundle of Bmax 0 to the normal bundle of
Bmax1. Hence f extends to M0 smoothly.
We consider the case where Bmax 0 and Bmax1 are of dimension 1. Applying
Lemma 8.24 to open neighborhoods of Bmax 0 and Bmax 1, there exists an interval
[v, v′] in Φ0(Umax 0) such that Φ−10 (w) is diffeomorphic to S
1×S3 with a locally free
T 2-action τ which has at most two exceptional T 2-orbits for every w in [v, v′]. We
construct a diffeomorphism f from M0 to M1 by connecting fmax|Φ−10 ([v′,∞)) and
f |Φ−10 ((−∞,v]) on Φ
−1
0 ([v, v
′]) by an isotopy of T 2-equivariant diffeomorphisms on
S1 × S3. We fix a T 2-equivariant diffeomorphism Φ−1i ([v, v′]) −→ S1 × S3 × [v, v′]
for i = 0 and 1. We put fv′ = fmax|Φ−10 (v′) and fv = f |Φ−10 (v). We denote the
diffeomorphisms on the orbifold (S1×S3)/τ induced from fv′ and fv by fv and fv′ .
By the argument in the appendix of [1] and Lemma B.2 of [16], the diffeomorphism
group of (S1 × S3)/τ is path-connected. Hence we can isotope fv′ to fv by an
isotopy {f t} such that f0 = fv and f
1
= fv′ . Hence we can isotope fv′ to fv by
an isotopy of T 2-equivariant diffeomorphisms.
We have a diffeomorphism f : M0 −→M1 which satisfies
(i) f induces (φV , φE),
(ii) Φ1 ◦ f = Φ0 and
(iii) f is T 2-equivariant with respect to idT 2 .
The condition (iii) implies f∗R0 = R1 by the assumption. Then the condition (ii)
and f∗R0 = R1 imply Φα1 ◦ f = Φα0 . 
We introduce our notation for three lemmas below. Let (M,α) be a 5-dimensional
closed K-contact manifold of rank 2. Let g be a metric onM compatible with α. G
denotes the closure of the Reeb flow in the isometry group Isom(M, g). We denote
the action of G on M by ρ. Let X be an infinitesimal action of an element X of
Lie(G) whereX is not parallel to the element corresponding to the Reeb vector field
of α. We put Φ = α(X). The maximal component and the minimal component of
Φ are denoted by Bmax and Bmin, respectively.
The following lemma is similar to Lemma 3.6 in [16]:
Lemma 3.13. Let L be a free gradient manifold of Φ with respect to g. Assume
that both of the α-limit set Σ0 of L and the ω-limit set Σ1 of L are not contained
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in Bmin ∪ Bmax. Take a T 2-orbit C of ρ in L and an open neighborhood U of C.
There exists a metric g′ compatible with α such that Σ0 and Bmax are connected
by a gradient manifold, Σ1 and Bmin are connected by a gradient manifold and
g|M−U = g′|M−U .
Proof. Since the union W of the orbits of the gradient flow whose limit sets are not
contained in Bmin∪Bmax is closed inM , we can take an open neighborhood V ofC in
U such that V ∩W = L∩W . By Lemma 8.38, we have a coordinate T 2×[t0, t1]×R2
on a tubular neighborhood in V such that α = dx cos t+dy sin ta cos t+b sin t +
√−1
2 (z1dz1− z1dz1)
and L is defined by the equation z1 = 0 near C where (x, y) is the coordinate on T
2
induced from the Euclidean coordinate on R2, t and z1 are the standard coordinate
on [t0, t1] and R2, respectively. Let r be a nonnegative smooth function on M
invariant under ρ whose support is contained in V and whose restriction r|C to C
is positive. Then r ∂∂x1 is a smooth vector field on M . We put Z = gradΦ + r
∂
∂x1
.
Since dα(Z,X) = dα(gradΦ, X) = dα(JX,X) is nowhere vanishing on V , we
have a complex structure J ′ which is compatible with dα and satisfies J ′X = Z
and J ′|M−U = J |M−U . The metric g′ defined by J ′ and α satisfies the desired
conditions. 
The following lemma is similar to Lemma 4.8 of [16]:
Lemma 3.14. We assume that g is Euclidean with respect to a coordinate on a
finite covering of an open neighborhood of every isolated closed orbit of the Reeb
flow of α0, where α0 is written as (243). Let V be an open neighborhood of the
union of Bmin and the gradient manifolds of Φ whose ω-limit sets are not contained
in Bmax. There exists an open subset U of V such that
(i) U is an open neighborhood of the union of Bmin and gradient manifolds
whose ω-limit sets are not contained in Bmax and
(ii) U satisfies φt(U) ⊂ U for every negative t where {φt} is the gradient flow
of Φ on M .
Proof. We construct U inductively. We denote gradient manifolds whose ω-limit
sets are not contained in Bmax by L
1, L2, · · · , Ll so that the α-limit set of Lk is
contained in the closure of Bmin ∪ ∪k−1j=1Lj for k = 1, 2, · · · , l.
We define an open neighborhood U0 of Bmin by U
0 = {x ∈M |Φ(x) < a} where
a is a real number sufficiently close to the minimum value of Φ. Then U0 satisfies
φt(U
0) ⊂ U0 for every negative t.
Assume that we have an open subset Uk−1 of V which contains Bmin ∪ ∪k−1j=1Lj
and satisfies φt(U
k−1) ⊂ Uk−1 for every negative t. Let Σk be the ω-limit set of
Lk. Take a sufficiently small open tubular neighborhood V k of Σk. We have a
finite covering π : V˜ k −→ V k and a coordinate (ζ, z1, z2) on V˜ k such that π∗g is
Euclidean and α is written as in (243) by the assumption. We can assume that
π−1(Lk) is defined by z1 = 0. We define C = π({z1 = 0, |z2| = ǫ}) for a sufficiently
small positive number ǫ. Since the α-limit set of Lk is contained in Uk−1, there
exists a negative number T such that φT (C) is contained in U
k−1 where {φt}t∈R is
the gradient flow of Φ. Hence there exists a positive number δ such that 0 < ǫ− δ
and φT (π({|z1| < δ, ǫ − δ < |z2| < ǫ + δ})) is contained in Uk−1. Since π∗g is
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Euclidean and π∗α is written as in (243), we have
(19)
∪t<0φt(π({|z1| < δ, |z2| < ǫ+ δ}))
⊂ π({|z1| < δ, ǫ− |z2| < ǫ + δ}) ∪ ∪t<0φt(π({|z1| < δ, ǫ− δ < |z2| < ǫ+ δ})).
We put
(20)
Uk = Uk−1∪π({|z1| < δ, ǫ−|z2| < ǫ+δ})∪∪t<0φt(π({|z1| < δ, ǫ−δ < |z2| < ǫ+δ})).
Then Uk satisfies φt(U
k) ⊂ Uk for every negative t and contains Bmin ∪ ∪kj=1Lj.
Hence Uk satisfies the desired conditions. 
Lemma 3.15. Let U be an open neighborhood of the union of the closed orbits of
the Reeb flow of α. Assume that g(X,X) is constant on each level set of Φ in an
open neighborhood Umax of Bmax. There exists a metric g
′ on M compatible with
α which satisfies the following conditions:
(i) g′(X,X) is constant on the intersection of M −U and each level set of Φ,
(ii) g|U ′max = g′|U ′max for an open neighborhood U ′max of Bmax in U and
(iii) there exists a smooth function h such that hJX = J ′X where J and J ′ are
the CR structures determined by g and g′ with α respectively.
Proof. On an open neighborhood A of M − U invariant under ρ, X and JX are
linearly independent. Hence we have a decomposition kerα = E1⊕E2 of kerα into
two J-invariant symplectic vector subbundles where E1 = RX ⊕ RJX . We define
a metric g′′ on kerα|A by g′′|E2 = g|E2 on M , g′′|E1 = g(X,X)g and setting E1 is
orthogonal to E2 with respect to g
′′. g′′ is compatible with α on A. Then we have
a metric g′ such that
(i) g′|M−U = g′′|M−U ,
(ii) g′(X,X) is constant on the intersection of M − U and each level set of Φ
and
(iii) g′|U ′max = g|U ′max for an open neighborhood U ′max of Bmax in U .
Hence g′ satisfies the desired conditions. 
We have a result similar to Proposition 4.11 of [16]:
Proposition 3.16. Let M be a closed 5-dimensional manifold. Let R be a nowhere
vanishing vector field on M . Assume that the flow generated by R preserves a
Riemannian metric g on M and that the closures of generic orbits of the flow
generated by R are of dimension 2. Let α0 and α1 be two contact forms on M
with the same Reeb vector field R and the same contact moment maps Φα : M −→
Lie(G)∗, where G is the closure of the flow generated by R in Isom(M, g).
(i) We put βt = (1− t)α0 + tα1 for t in [0, 1]. Then dβt is a symplectic form
on TM/RR for every t in [0, 1].
(ii) there exists a diffeomorphism f of M which satisfies f∗α1 = α0.
Proof. The action of G on M is denoted by ρ. We show (i). It is suffices to show
that dβt is nondegenerate on TM/RR for every t in [0, 1]. Let x be a point on M .
We consider the case where the action ρ is locally free near x. We fix an element
X of Lie(G) which is not parallel to the element corresponding to R. We define
the function Φ on M by Φ(x) = Φα(x)(X). Let X be the infinitesimal action of X.
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Let TxM = RRx ⊕ (TxM/RRx) be the orthogonal decomposition. We denote the
orthogonal projection TxM −→ TxM/RRx by π. Putting v1 = π(Xx), we have
(21) dβt(v
1, π(v)) = Φ∗v
for v in TxM , because Φ∗v = dΦ(v) = dβt(π(Xx), π(v)) = dβt(v1, π(v)). We take
a symplectic basis {v1, v2, v3, v4} of (TxM/RRx, (dβt)x) so that
(i) Φ∗v2 is nonzero and
(ii) Φ∗vj = 0 for j = 3, 4.
Let {v1∗, v2∗, v3∗, v4∗} be the basis of (TxM/RRx)∗ dual to {v1, v2, v3, v4}. We
put (dβt)x =
∑
j,k a
jk
t v
j∗ ∧ vk∗. By (21) and the condition (ii), we have a1jt = 0
for j = 3 and 4. Hence we have (dβt ∧ dβt)x = a12t a34t v1∗ ∧ v2∗ ∧ v3∗ ∧ v4∗. By
(21) and the condition (i), a12t = dβt(v
1, v2) = Φ∗v2 is nonzero. We show a34t is
nonzero. Since dβt(v
3, v4) = (1 − t)dα0(v3, v4) + tdα1(v3, v4), it suffices to show
that the signature of dα0(v
3, v4) and dα1(v
3, v4) are equal. That is, it suffices to
show that the orientations of TxM/RRx determined by dα0 ∧ dα0 and dα1 ∧ dα1
are the same. Since the basic cohomology classes of dα0 and dα1 are the Euler
classes of the isometric flow defined in [24] which is determined by R, we have
[dα0 ∧ dα0]B = [dα1 ∧ dα1]B in H4B(M/F) where F is the foliation defined by the
orbits of the flow generated by R and H4B(M/F) is the basic cohomology of (M,F)
of degree 4. Hence a34t is nonzero and (dβt)x is symplectic for t in [0, 1].
We consider the case where x is a point on a singular S1-orbit of ρ. Let σ
be the S1-action on M of the identity component of the isotropy group of ρ at
x. Fix a sufficiently small transversal T to the Reeb flow which contains x and is
invariant under σ. Let Y be the vector field generating σ. Then (T, dαt|T ) is a
symplectic manifold with the hamiltonian S1-action σ and a hamiltonian function
αt(Y ) for t = 0 and 1. In fact, we have d(αt(Y ))(Z) = d(αt(Y ))(Z) − LY αt(Z) =
−dαt(Y, Z) for a vector field Z on T . Note that α0(Y ) = α1(Y ). Hence (T, dα0|T )
and (T, dα1|T ) are symplectic manifolds with the same hamiltonian S1-action σ
and the same hamiltonian function. Then dβt is symplectic at x by Lemma 4.13 of
[16].
We show (ii). Since dβt is a symplectic form on TxM/RRx for every t in [0, 1]
and every x in M , kerβt gives the isotopy of ρ-invariant contact structures from
kerα0 to kerα1. Then we have a ρ-equivariant diffeomorphism f on M which
satisfies f∗(kerα0) = kerα1 by the equivariant version of Gray’s stability theorem
[14]. Since f is ρ-equivariant, f∗R = R. Hence we have f∗α1 = α0. 
By Propositions 3.12 and 3.16, we have Theorem 1.1. We state Theorem 1.1 in
a finer form:
Corollary 3.17. If there exists an isomorphism φ between the graphs of isotropy
data of (M0, α0, ψ0) and (M1, α1, ψ1), then there exists an isomorphism from (M0, α0)
to (M1, α1) which induces φ.
We show Corollary 1.2 from Corollary 3.17:
Proof. The “only if” part is clear. We show the “if” part. Let f be a diffeomor-
phism f : M0 −→ M1 such that f∗R0 = R1. Fix an isomorphism ψ : G1 −→ T 2.
Since f∗R0 = R1, f induces an isomorphism from the graph of isotropy data of
(M0, α0, ψ ◦ f∗) to the graph of isotropy data of (M1, α1, ψ) where f∗ : G0 −→ G1
is the map induced from f . Hence Corollary 1.2 follows from Corollary 3.17. 
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3.4.3. The realization problem of the given graphs of isotropy data. In the case
where the maximal component and the minimal component of (M,α) of dimen-
sion 3, each nontrivial chain can be realized as a nontrivial chain in a closed
5-dimensional contact toric manifold of rank 2 by Lemma 6.11. Hence we can
construct a K-contact manifold which has the given graph of isotropy data Γ by
the construction of the fiber sum (See Definition 6.3) if Γ satisfies the following
conditions:
(i) Γ has two fat vertices,
(ii) the genus of the Seifert invariants attached to two fat vertices coincide and
(iii) each path in Γ connecting two fat vertices can be realized as a nontrivial
chain in a closed 5-dimensional contact toric manifold.
3.5. Nontrivial chains in contact toric manifolds. We see the relation between
the nontrivial chains in 5-dimensional contact toric manifolds of rank 2 and the
corresponding good cones in R3. A good cone in R3 is the image of the moment map
of the symplectization of a 5-dimensional contact toric manifold for the T 3-action,
which determines the equivariant isomorphism class of 5-dimensional contact toric
manifolds by a result of Lerman [18].
Let (M,α) be a closed 5-dimensional K-contact manifold of rank 2. We denote
the closure of the Reeb flow in Isom(M, g) for a metric g compatible to α by G. The
action of G on M is denoted by ρ. Assume that M has an effective α-preserving
T 3-action τ . Then ρ is a T 2-subaction of τ by the remark after Lemma 2.4. The
Reeb vector field R of (M,α) is the infinitesimal action of an element R of Lie(T 3).
We denote the contact moment map for τ by
(22)
Φ˜α : M −→ Lie(T 3)∗
x 7−→ αx.
Note that the image of Φ˜α is contained in the 2-dimensional affine subspace A =
{v ∈ Lie(T 3)∗|v(R) = 1} of Lie(T 3)∗. The symplectization (M × R>0, d(rα))
is a symplectic toric manifold and the image of Φ˜α is the intersection of A and
the symplectic moment map image of (M × R>0, d(r2α)). Since the image of the
symplectic moment map image of (M ×R>0, d(rα)) is a convex cone by [15], Φ˜α is
a convex polyhedron.
We denote the contact moment map for ρ by Φα and the restriction map Lie(T
3)∗ −→
Lie(G)∗ by π. Then we have π ◦ Φ˜α = Φα. The union of nontrivial chains of (M,α)
is contained in the inverse image of the boundary of the image of Φ˜α. Hence the
number of nontrivial chains is at most 2. If the minimal component Bmin and the
maximal component Bmax of Φα are of dimension 3, Bmin and Bmax haveK-contact
structures of rank 2. Hence Bmin and Bmax are diffeomorphic to lens spaces by the
classification theorem of 3-dimensional contact toric manifolds by Lerman [18].
We prepare a lemma for later use.
Lemma 3.18. Let H be a Lie group. Let (M,α) be a K-contact manifold with an
α-preserving H-action τ . Assume that R is an infinitesimal action of τ . Let Φ˜α be
a contact moment map for τ . Then Φ˜α is a submersion on the union of the orbits
of τ whose isotropy groups are trivial.
Proof. Let {Xj}kj=1 be elements of Lie(H) such that {R,X1, · · · , Xk} is a basis of
Lie(H). Let Xj be the infinitesimal action of Xj . Identifying Lie(H)
∗ with Rk+1
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(24)
Figure 2. A good cone.
by the basis {R∗, X∗1, · · · , X
∗
k} dual to {R,X1, · · · , Xk}, we can write Φ˜α as
(23)
Φ˜α(x) = α(R)(x)R
∗
+
∑k
j=1 α(Xj)(x)X
∗
j
= (1, α(X1)(x), α(X2)(x), · · · , α(Xk)(x)).
Take a point x on M such that the isotropy group of τ at x is trivial. Then
{Rx, X1x, · · · , Xkx} are linearly independent. Since dα is nondegenerate on kerα,
there exist a vector Yj in TxM such that dα(Xjx, Yj) is nonzero. Let prj be the
j-th projection defined on Lie(H)∗ with respect to the basis {R∗, X∗1, · · · , X
∗
k}. By
(23), we have d(prj ◦Φ˜α)x(Yj) = d(α(Xj)(Yj)(x) = −dα(Xjx, Yj) is nonzero for
each j. Hence Φ˜α is a submersion at x. 
4. A sufficient condition to be toric
We show Theorem 1.5 which gives a sufficient condition for a closed 5-dimensional
K-contact manifold of rank 2 to be toric. Theorem 1.5 follows from Propositions
4.1 and 4.12.
Let (M,α) be a closed 5-dimensional K-contact manifold of rank 2. We denote
the Reeb vector field of α by R. Let G be the closure of the Reeb flow in Isom(M, g)
for a metric g compatible to α. The action of G on M is denoted by ρ. We put
Φ = α(X) where X is an infinitesimal action of ρ which is not parallel to R. The
maximal component and the minimal component of Φ are denoted by Bmax and
Bmin respectively.
For a topological group H , an H-action τ on a set A and a τ -invariant subset B
of A, we denote the cardinality of the kernel of H −→ Aut(B) by I(τ, B).
4.1. Estimate on the number of nontrivial chains. We show
Proposition 4.1. If the conditions (i) and (ii) of Theorem 1.5 are satisfied, then
the number of nontrivial chains in (M,α) is at most 2.
The condition (i) of Theorem 1.5 is satisfied if and only if Bmax and Bmin are
isolated closed orbits of the Reeb flow by Lemma 3.3 (iv). The condition (ii)
of Theorem 1.5 can be translated into a condition on the image of the contact
moment map for ρ. We denote the kernel of exp: Lie(G) −→ G by Lie(G)Z. We
put Ω = {v ∈ Lie(G)|v · x > 0 for every x in Φα(M)}. Then Ω is an open convex
cone in Lie(G) whose boundary has rational slopes. We denote the two primitive
vectors in Lie(G)Z tangent to the boundary of Ω by vmin and vmax.
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Lemma 4.2. The condition (ii) is satisfied if and only if there exists a vector v in
Ω ∩ Lie(G)Z such that both of {v, vmin} and {v, vmax} are Z-bases of Lie(G)Z.
Proof. For an S1-subaction σ of ρ, let Xσ the vector field generating σ. vσ denotes
the vector in Lie(G)Z whose infinitesimal action is Xσ. For a point x on M , we
have Φα(x)(vσ) > 0 if and only if α(Xσ) > 0 by definition. Hence vσ is contained
in Ω if and only if the orbits of σ are positively transverse to kerα on M .
Note that for two vectors v1 and v2 in Lie(G)Z, the product of σv1 and σv2 is
isomorphic to ρ if and only if {v1, v2} is a Z-basis of Lie(G)Z. Note also that the
infinitesimal action of vmin and vmax generates the action of Gmin and Gmax.
We show the “only if” part. Assume that there exists an S1-subgroup G′ of G
such that both of G′ × Gmax and G′ × Gmin are isomorphic to G. Let v0 be the
vector in Lie(G)Z whose infinitesimal action generates the action of G
′. Since the
orbits of the action of G′ is transverse to kerα, either of v0 or −v0 is contained in Ω
by the argument in the first paragraph. On the other hand, by the remarks in the
second paragraph, {v0, vmin}, {v0, vmax}, {−v0, vmin} and {−v0, vmax} are Z-bases
of Lie(G)Z. Hence the “only if” part is proved.
We show the “if” part. Assume that there exists a vector v in Ω∩ Lie(G)Z such
that {v, vmin} and {v, vmax} are Z-bases of Lie(G)Z. We denote the S1-action onM
generated by the infinitesimal action of v by σ. Then the orbits of the action of G′
is transverse to kerα by the argument of the first paragraph, since v is contained
in Ω. Both of {v, vmax} and {v, vmin} are Z-bases of Lie(G)Z by the remarks in the
second paragraph. Hence the “if” part is proved. 
To show Proposition 4.1, we use the Euler number of locally free S1-actions on
3-dimensional orbifolds.
Definition 4.3. (Euler number of locally free S1-actions on 3-dimensional orb-
ifolds) Let τ be a transversely oriented locally free S1-action on a compact 3-
dimensional orbifold W . Then we define
(25) e(τ,W ) =
1
|G′| · e(τ/G
′,W/(τ |G′ ))
where G′ is a discrete subgroup of S1 such that the effective S1-action τ/G′ on
W/(τ |G′) induced from τ is free and e(τ/G′,W/(τ |G′)) is the Euler number of the
oriented circle bundle over the topological surface W/G′ defined by the free S1/G′-
action τ/G′ on W/G′.
Note that the base surface of the S1-action τ/G′ on W/(τ |G′) is the oriented
topological surface W/τ .
For the definition of Euler number of locally free S1-actions on 3-dimensional
manifolds, we refer [3]. The Euler number e(τ,W ) is shown to be independent of
the choice of G′ and well-defined forW and τ as in the case of locally free S1-actions
on 3-dimensional manifolds.
Lemma 4.4. Let σ be the S1-action on S3 defined by
(26) t · (z1, z2) = (tm1z1, tm2z2)
for nonzero coprime integers m1 and m2. We orient S
3 as the boundary of the unit
ball in C2 with the orientation determined by the standard complex structure. The
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transverse orientation of σ is defined from the orientation on S3 and the orientation
of the orbits of σ. Then we have
(27) e(σ, S3) = − 1
m1m2
.
Proof. Sincem1 andm2 are coprime, the group generated by isotropy groups of τ at
exceptional orbits is Z/m1m2Z. We show the effective S
1-action on S3/(σ|Z/m1m2Z)
induced from σ is isomorphic to the S1-action σ0 on S
3 defined by
(28) t · (z1, z2) = (t
m1m2
|m1m2| z1, t
m1m2
|m1m2| z2).
We define a map f : S3 −→ S3 by f(z1, z2) = (zm21 , zm12 ). Then f induces a
map f : S3/(σ|Z/m1m2Z) −→ S3. f is clearly surjective. We show f is injective.
It suffices to show the fiber of f of each point on S3 coincides with an orbit of
σ|Z/m1m2Z. Take a point (w1, w2) on S3. We consider the case where both of w1
and w2 are nonzero. Since m1 and m2 are coprime, the cardinality of f
−1(w1, w2) is
|m1m2|. Since the cardinality of the orbit of σ of a point in f−1(w1, w2) is |m1m2|,
f−1(w1, w2) is an orbit of σ|Z/m1m2Z. We consider the case where w1 = 0. Then
w2 is nonzero, and the cardinality of f
−1(w1, w2) is |m1|. Since the cardinality of
the orbit of σ|Z/m1m2Z of a point in f−1(w1, w2) is |m1|, f−1(w1, w2) is an orbit of
σ. The proof in the case where w2 = 0 is symmetric to the previous case. Hence f
is a homeomorphism.
σ induces an S1-action on S3/(σ|Z/m1m2Z) = S3 defined by
(29) t · (w1, w2) = (tm1m2w1, tm1m2w2).
Hence the effective S1-action on S3/(σ|Z/m1m2Z) induced from σ is σ0. Since
e(σ0, S
3) = − m1m2|m1m2| by the definition of the transverse orientation, we have
(30) e(σ, S3) = − 1|m1m2|e(σ0, S
3) = − 1
m1m2
by (25). 
Lemma 4.5. Assume that we have the effective T 2-action σ on S1×S3 defined by
(31) (t1, t2) · (ζ, z1, z2) = (ta01 tb02 ζ, ta11 tb12 z1, ta21 tb22 z2)
in the standard coordinate where a0 is positive. We orient S
3 as the boundary of the
unit ball in C2 with the orientation determined by the standard complex structure.
Let σ1 and σ2 be the S
1-actions obtained from τ by restricting to S1 × {1} and
{1} × S1 respectively. Then we have
(32) e(σ2, (S
1 × S3)/σ1) = − a0
(a0b1 − a1b0)(a0b2 − a2b0) .
Proof. Let σ˜1 and σ˜2 be S
1-actions on S1 × S3 defined by
(33) t1 · (ξ, w1, w2) = (t1ξ, w1, w2)
and
(34) t2 · (ξ, w1, w2) = (tb02 ξ, ta0b1−a1b02 w1, ta0b2−a2b02 w2)
respectively. Let τ be the Z/a0Z-action on S
1 × S3 defined by
(35) s · (ξ, w1, w2) = (sξ, s−a1w1, s−a2w2)
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for s in Z/a0Z where we identify Z/a0Z with a subgroup of the complex numbers
with absolute values 1. We identify (S1×S3)/τ with S1×S3 by the diffeomorphism
f defined by f([(ξ, w1, w2)]) = (ξ
a0 , ξa1w1, ξ
a2w2). Then σ˜1 induces σ1 on (S
1 ×
S3)/τ . σ˜2 induces the S
1-action σa02 defined by
(36) t2 · (ζ, z1, z2) = (ta0b02 ζ, ta0b12 z1, ta0b22 z2).
Hence the effective S1-action on (S1 × S3)/τ induced from σ˜2 is σ2.
The cardinality of the isotropy group of the action on (S1×S3)/σ˜1 induced from
σ˜2 is GCD(|a0b1−a1b0|, |a0b2−a2b0|). The cardinality of the isotropy group of the
action on (S1×S3)/σ1 induced from σa02 is a0, since the cardinality of the isotropy
group of the action on (S1×S3)/σ1 induced from σ2 is 1 by the effectiveness of the
T 2-action σ. Hence (S1×S3)/σ1 with S1-action σa02 is equivariantly diffeomorphic
to the quotient of (S1 × S3)/σ˜1 with S1-action σ˜2 by the Z/lZ-subaction of σ˜2
where l = a0GCD(|a0b1−a1b0|,|a0b2−a2b0|) . By (25), we have
(37) e(σ˜2, (S
1 × S3)/σ˜1) = 1a0
GCD(|a0b1−a1b0|,|a0b2−a2b0|)
e(σ2, (S
1 × S3)/σ1).
Since (S1 × S3)/σ˜1 = S3 and the Euler number of the S1-action on S3 defined
by
(38) t · (z1, z2) = (sm1z1, sm2z2)
is −GCD(|m1|,|m2|)m1m2 by Lemma 4.4, we have
(39) e(σ˜2, (S
1 × S3)/σ˜1) = −GCD(|a0b1 − a1b0|, |a0b2 − a2b0|)
(a0b1 − a1b0)(a0b2 − a2b0) .
By (37) and (39), we have (32). 
We fix S1-subactions ρ1 and ρ2 of ρ so that the product of ρ1 and ρ2 is ρ and
the orbits of ρ1 is positively transverse to kerα. Let Hmax and Hmin be level sets
of Φ = α(X) sufficiently close to Bmax and Bmin, respectively.
Φ is constant on the each orbit of ρ by Lemma 3.3 (i). We fix transverse orien-
tations of locally free orbits of ρ in each level set of Φ as follows: Take a 4-form
ω on M which satisfies dΦ ∧ ω = α ∧ dα ∧ dα on M − Bmin − Bmax − CritΦ. We
take a 2-form ω′ on M which satisfies ω′ ∧ α1 ∧ α2 = ω on M − CritΦ where αj
is a 1-form on M which satisfies αj(Yj) = 1 for the infinitesimal action Yj of ρj .
Then ω′ determines an transverse orientation of ρ on each level set of Φ. Note that
the transverse orientation changes if we use −Φ instead of Φ. We regard Hmin as a
normal S3-bundle of Σmin. Let F be a fiber in Hmin. F is transverse to the orbits
of ρ. We determine the signature of Φ so that the orientation of F determined by
the above process is equal to the orientation determined as the boundary of the
symplectic normal bundle of Bmin.
Lemma 4.6. Assume that Bmax and Bmin are closed orbits of the Reeb flow. Let
L1max and L
2
max be two gradient manifolds whose closures are smooth near Bmax.
Let L1min and L
2
min be two gradient manifolds whose closures are smooth near Bmin.
We put amin = I(ρ1, Bmin), amax = I(ρ1, Bmax), mmax = I(ρ, L
1
max), nmax =
I(ρ, L2max), mmin = I(ρ, L
1
min) and nmin = I(ρ, L
2
min). Then we have
(40) e(ρ2, Hmin/ρ1) = − amin
mminnmin
.
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and
(41) e(ρ2, Hmax/ρ1) =
amax
mmaxnmax
Proof. By Lemma 8.24, we have a coordinate on an open neighborhood U of Bmin
such that ρ is written as
(42) (s1, s2) · (ζ, z1, z2) = (sn01 ζ, sn11 sm12 z1, sn21 sm22 z2).
Since Φ is written as (247) on a finite covering of U , we can putHmin = {(ζ, z1, z2) ∈
S1 ×D4||z1|2 + |z2|2 = ǫ} for a small positive number ǫ and assume that m1 and
m2 are positive. We can write ρ1 and ρ2 respectively as
(43) t1 · (ζ, z1, z2) = (ta01 ζ, ta11 z1, ta21 z2)
and
(44) t2 · (ζ, z1, z2) = (tb02 ζ, tb12 z1, tb22 z2)
so that a0 is positive. Then we have
(45) a0 = amin
by the definition of amin. There exists an element A of GL(2;Z) such that
(46) A
(
a0 a1 a2
b0 b1 b2
)
=
(
n0 n1 n2
0 m1 m2
)
.
Hence the signatures of a0b1−a1b0 and a0b2−a2b0 are equal. Since L1min and L2min
are defined by the equations z2 = 0 and z1 = 0 respectively, we have I(ρ, L
1
min) =
|a0b1 − a1b0| and I(ρ, L2min) = |a0b2 − a2b0|. Then we have
(47) mminnmin = (a0b1 − a1b0)(a0b2 − a2b0).
By Lemma 4.6, we have
(48) e(ρ2, Hmin/ρ1) = − a0
(a0b1 − a1b0)(a0b2 − a2b0) .
By (45), (47) and (48), we have (40).
The proof of (41) is the same except the point where the signature of the right
hand side of (48) changes because the transverse orientation is different from the
previous case. 
Lemma 4.7. Take two regular values b and b′ of Φ so that [b, b′] contains a unique
critical value c of Φ. We assume that the critical set in Φ−1(c) is a closed orbit Σ
of the Reeb flow. Let L and L′ be the gradient manifolds whose limit sets contain
Σ. We put k = I(ρ, L), k′ = I(ρ, L′) and a = I(ρ1,Σ). Then we have
(49) e(ρ2,Φ
−1(b′)/ρ1)− e(ρ2,Φ−1(b)/ρ1) = a
kk′
.
Proof. By Lemma 8.24, we have a coordinate on an open neighborhood U of Σ such
that ρ is written as
(50) (s1, s2) · (ζ, z1, z2) = (sn01 ζ, sn11 sm12 z1, sn21 sm22 z2).
Since Φ is written as in (247) on a finite covering of U and Σ is contained neither
in Bmin nor in Bmax, we can assume that m1 is positive and m2 is negative. We
put W = {(ζ, z1, z2) ∈ S1×D4||z1|2+ |z2|2 = ǫ} for a small positive number ǫ. We
can write ρ1 and ρ2 respectively as
(51) t1 · (ζ, z1, z2) = (ta01 ζ, ta11 z1, ta21 z2)
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and
(52) t2 · (ζ, z1, z2) = (tb02 ζ, tb12 z1, tb22 z2)
so that a0 is positive. Then we have
(53) a0 = a
by the definition of a. Then the signatures of a0b1 − a1b0 and a0b2 − a2b0 are
different by the equation (46) and the fact that m1 is positive and m2 is negative.
Hence we have
(54) − kk′ = (a0b1 − a1b0)(a0b2 − a2b0).
By the assumption, the S1-action ρ2 on Φ
−1(b′)/ρ1 is obtained from the S1-
action ρ2 on Φ
−1(b)/ρ1 by the Dehn surgery which replaces a solid torus S′ with an
exceptional orbit (L′∩Φ−1(b′))/ρ1 of ρ2 to a solid torus S with an exceptional orbit
(L∩Φ−1(b))/ρ1 of ρ2. Note that we can take S and S′ so thatW is S1-equivariantly
diffeomorphic to S ∪ S′. By the additivity of the Euler numbers with respect to
the connected sum on the base spaces of the Seifert fibrations, the change of the
Euler numbers under this operation in which we obtain Φ−1(b)/ρ1 from Φ−1(b′)/ρ1
is equal to e(ρ2,W/ρ1). Hence we have (49) by (53), (54) and Lemma 4.5. 
Lemma 4.8. We denote the nontrivial chains in (M,α) by C1, C2, · · · , Ck. Let
Lj1, L
j
2, · · · , Ljl(j) be the gradient manifolds which form Cj in the order of the sub-
scripts. Let Σjii+1 be the closed orbit of the Reeb flow contained in both of the
closures of Lji and L
j
i+1 for i = 1, 2, · · · , l(j)− 1. We put kji = I(ρ, Lji ) for i = 1,
2, · · · , l(j), and ajii+1 = I(ρ1,Σjii+1) for i = 1, 2, · · · , l(j)− 1. Then we have
(55) e(ρ2, Hmax/ρ1)− e(ρ2, Hmin/ρ1) =
∑
i,j
ajii+1
kji k
j
i+1
.
Proof. We put bmax = Φ(Hmax) and bmin = Φ(Hmin). Then bmin and bmax are
regular values of Φ sufficiently close to the minimum value and the maximum value
of Φ, respectively. When b moves from bmin to bmax, the change of e(ρ2,Φ
−1(b)/ρ1)
occurs only when b goes through a critical value of Φ. By Lemma 4.7, we can
compute the contribution of each closed orbit of the Reeb flow. Since we obtain
e(ρ2, Hmax/ρ1)− e(ρ2, Hmin/ρ1) by summing up the contributions of closed orbits
of the Reeb flow, we have the formula (55). 
Lemma 4.9. Let L1, L2, · · · , Ll be the gradient manifolds which form a chain C
in the order of the subscripts. Let Σii+1 be the closed orbit of the Reeb flow between
Li and Li+1 for i = 1, 2, · · · , l − 1. We put ki = I(ρ, Li) for i = 1, 2, · · · , l, and
aii+1 = I(ρ1,Σii+1) for i = 1, 2, · · · , l − 1. Then we have
(56)
l−1∑
i=1
aii+1
kiki+1
=
d
LCM(k1, kl)
for some positive integer d.
Proof. We choose regular values v1, v2, · · · , vl of Φ so that vi is contained in the im-
age of Li. By Corollary 4.5, the contribution of Σii+1 to the change of e(ρ2,Φ
−1(x)/ρ1)
is aii+1kiki+1 . Hence the total contribution of closed orbits {Σii+1}
l−1
i=1 in C to the change
of e(ρ2,Φ
−1(x)/ρ1) is equal to
∑l−1
i=1
aii+1
kiki+1
.
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Choose a ρ-invariant open neighborhood U of the chain C which does not inter-
sect other nontrivial chains. (Φ−1(vl)∩U)/ρ1 is obtained from (Φ−1(v1)∩U)/ρ1 by
Dehn surgery which replaces a solid torus S1 with an exceptional orbit (Φ
−1(v1) ∩
C)/ρ1 of ρ2 with multiplicity k1 by a solid torus Sl with an exceptional orbit
(Φ−1(vl)∩C)/ρ1 of ρ2 with multiplicity kl. By the additivity of Euler numbers with
respect to the connected sum on the base spaces of Seifert fibrations, the change
of the Euler numbers under this operation by which we obtain (Φ−1(vl) ∩ U)/ρ1
from (Φ−1(v1) ∩ U)/ρ1 is equal to e(σ, S1 ∪ Sl) where σ is an S1-action on an
3-dimensional orbifold S1 ∪ Sl which is the union of two solid tori and has two
exceptional orbits of multiplicity k1 and kl. Let H be the subgroup of S
1 with
LCM(k1, kl) elements. Since H contains the isotropy group of the S
1-action on
S1 ∪ Sl, the effective S1-action induced from σ on (S1 ∪ Sl)/(σ|H) is free. Hence
the denominator of e(σ, S1 ∪ Sl) divides LCM(k1, kl) by (25). Then the denomi-
nator of the total contribution of closed orbits {Σii+1}l−1i=1 in C to the change of
e(ρ2,Φ
−1(x)/ρ1) divides LCM(k1, kl).
By the conclusions of the two previous paragraphs, we have
(57)
l−1∑
i=1
aii+1
kiki+1
=
d
LCM(k1, kl)
.
for some integer d. The positivity of d follows from the positivity of the right hand
side of (57). 
Lemma 4.10. We denote the nontrivial chains in (M,α) by C1, C2, · · · , Ck. Let
Lj1, L
j
2, · · · , Ljl(j) be the gradient manifolds which form Cj in the order of the sub-
scripts. We put kji = I(ρ, L
j
i ) for i = 1, 2, · · · , l. Then we have
(58) e(ρ2, Hmax/ρ1)− e(ρ2, Hmin/ρ1) =
∑
j
dj
LCM(kj1, k
j
l(j))
for some positive integers dj.
Proof. Let Σjii+1 be the closed orbit of the Reeb flow between L
j
i and L
j
i+1. We
put ajii+1 = I(ρ2,Σ
j
ii+1) for i = 1, 2, · · · , l − 1. By Lemma 4.8, we have
(59) e(ρ2, Hmax/ρ1)− e(ρ2, Hmin/ρ1) =
∑
i,j
ajii+1
kji k
j
i+1
.
Applying Lemma 4.9 to each chain Cj and summing for j = 1, 2, · · · , k, we obtain
(60)
∑
i,j
ajii+1
kji k
j
i+1
=
∑
j
dj
LCM(kj1, k
j
l(j))
.
Hence the equation (58) is proved. 
Corollary 4.11. Assume that the assumptions (i) and (ii) of Theorem 1.5 are
satisfied. Then we have
(61)
1
LCM(mmax, nmax)
+
1
LCM(mmin, nmin)
=
∑
j
dj
LCM(kj1, k
j
l(j))
for some positive integers dj.
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Proof. We denote the lattice of Lie(G) which is the kernel of the exponential map
Lie(G) −→ G by Lie(G)Z. We define det : ∧2 Lie(G) −→ R so that det(∧2 Lie(G)Z)
is contained in Z. Let X be the primitive vector in Lie(G)Z which generates the
S1-subgroup G′ in the assumption (ii) of Theorem 1.5. We denote the S1-action
of G′ on M by σ. For a closed orbit Σ of the Reeb flow, YΣ denotes the primitive
vector in Lie(G)Z whose infinitesimal action generates the action of the identity
component of the isotropy group of ρ at Σ. We have
(62) I(σ,Σ) = I(ρ,Σ)
∣∣det (X YΣ)∣∣ .
For, both sides are equal to the number of the intersection points of G′ and the
isotropy group of ρ at Σ in T 2. Since
(63) det
(
X YBmax
)
= 1, det
(
X YBmin
)
= 1
by the assumption, we have
(64) I(σ,Bmax) = I(ρ,Bmax), I(σ,Bmin) = I(ρ,Bmin)
by (62). By Lemma 8.30, we have
(65) I(ρ,Bmin) = GCD(mmin, nmin), I(ρ,Bmax) = GCD(mmax, nmax).
By Lemma 4.6, (64) and (65), we have
(66) e(ρ2, Hmin/ρ1) = −I(σ,Bmin)
mminnmin
= −I(ρ,Bmin)
mminnmin
= − 1
LCM(mmin, nmin)
and
(67) e(ρ2, Hmax/ρ1) =
I(σ,Bmax)
mmaxnmax
=
I(ρ,Bmax)
mmaxnmax
=
1
LCM(mmax, nmax)
.
Substituting (66) and (67) to the equation (58) of Lemma 4.10, we have (61). 
Note that (61) in Corollary 4.11 is similar to the equation (5.12) in Lemma 5.11
of [16]. We complete the proof of Proposition 4.1 by using Corollary 4.11 and
argument similar to Karshon’s proof of Proposition 5.13 of [16] as follows:
Proof. Assume that (M,α) has more than two nontrivial chains. Since Bmin and
Bmax are contained in the closures of at most two gradient manifolds consisting of
points with nontrivial isotropy group of ρ, one of the following occurs:
(i) there exists a nontrivial chain such that both of the top and bottom gra-
dient manifolds are free or
(ii) there exist two nontrivial chains C1 and C2 such that
(a) the top gradient manifold of C1 and the bottom gradient manifold of
C2 consist of points with nontrivial isotropy group of ρ and
(b) the top gradient manifold of C2 and the bottom gradient manifold of
C1 are free.
We show that both of (i) and (ii) cannot occur.
First, we show that (ii) cannot occur. Letmmax be the cardinality of the isotropy
group of ρ at the top gradient manifold of C1 and nmin be the cardinality of the
isotropy group of ρ at the bottom gradient manifold of C2. If (ii) is true, then the
left hand side of (61) is less than or equal to 1mmax +
1
nmin
and the right hand side
of (61) is greater than 1mmax +
1
nmin
. Hence it is contradiction.
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Assume that (i) is true. By the equation (61),
(68)
1
LCM(mmax, nmax)
+
1
LCM(mmin, nmin)
> 1,
since the right hand side of (61) is greater than 1. Then we can assume mmax =
nmax = 1, since if both of pairs (mmax, nmax) and (mmin, nmin) are not equal to
(1, 1), the inequality (68) is not satisfied. Then we have
(69) 1 +
1
LCM(mmin, nmin)
=
d1
nmin
+
d2
mmin
+ d3
for some positive integers d1, d2 and d3 by the equation (61). On the other hand,
there exists no solution for (69), since we have 1 ≤ d3, 1LCM(mmin,nmin) ≤ d
1
nmin
and
0 < d
2
mmin
. It is contradiction.
Hence the proof of Proposition 4.1 is completed. 
4.2. Two chains imply toric.
Proposition 4.12. Assume that
(i) Bmax and Bmin are lens spaces or closed orbits of the Reeb flow,
(ii) the number of nontrivial chains in (M,α) is at most 2.
Then there exists an α-preserving T 3-action on M .
Proposition 4.13. Assume that the conditions (i) and (ii) in Proposition 4.12 are
satisfied. Let C1 and C2 be two chains in (M,α). Assume that there is no nontrivial
chain except C1 and C2. There exist an open neighborhood V of the union of C1,
C2, Bmin and Bmax and an α-preserving T
3-action τ on V . Moreover, the image of
the contact moment map for τ is an open neighborhood of the boundary of a convex
polygon in a 2-dimensional affine subspace of Lie(T 3)∗.
Proof. By the condition (i) of Proposition 4.12, Lemmas 8.11 and 8.14, we have
(i) an open neighborhood Umin of Bmin and an α-preserving T
3-action τmin
on Umin and
(ii) an open neighborhood Umax of Bmax and an α-preserving T
3-action τmax
on Umax.
By Lemma 8.13, we have an open neighborhood U i of the chain Ci and an α-
preserving T 3-action τ i on U i for i = 1 and 2 which satisfy the following:
(i) U1 ∩ U2 is contained in Umin ∪ Umax,
(ii) τ i preserves α,
(iii) the restriction of τ i to U i ∩ Umin coincides with ρmin and
(iv) the restriction of τ i to U i ∩ Umax is conjugate to ρmax.
We denote the T 3-action on Umin∪U1∪U2 obtained from τmin, τ1 and τ2 by τ3.
DefineW = (Umin⊔U1⊔U2⊔Umax)/ ∼ where x ∼ y if both of x and y are the same
points of U2 ∩ Umax, U2 ∩ Umin or U1 ∩ Umin. Conjugating τmax so that τmax and
τ2 are equal on U
2 ∩ Umax, we obtain a T 3-action τ4 on W from τ3 and τmax. We
denote the contact moment map for τ4 by Φ˜α : W −→ Lie(T 3)∗. Let Σ0 be the top
closed orbit of the Reeb flow in C1. Let Σmax and Σ
1 be the connected components
of the inverse image of Σ0 by the canonical map W −→ Umin ∪ U1 ∪ U2 ∪ Umax so
that Σmax is contained in the subset Umax of W and Σ
1 is contained in the subset
U1 of W , respectively. We will show the former part of Lemma 4.13 by showing
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that the automorphism of T 3 which gives the conjugation of τ4|Umax and τ4|U1 is
the identity.
We show Φ˜α(Σmax) = Φ˜α(Σ
1). We fix our notation. We identify Lie(T 3) with
R3 so that the kernel of exp: Lie(T 3) −→ T 3 is identified with Z3 and Lie(G) is
identified with {
( v1
0
v3
)
∈ R3|v1, v3 ∈ R}. Since R is contained in Lie(G), we can
rotate Lie(G) by an orthogonal matrix so that
(70) R =
(
0
0
r
)
.
Define X0 =
(
1
0
0
)
. Let X0 be the infinitesimal action of X0 and define a function
Φ′ on M by
(71) Φ′ = α(X0).
X0 defines a linear function π on Lie(T
3)∗ by the canonical coupling, which coin-
cides with the first projection. Note that π ◦ Φ˜α = Φ′. Let xmax and xmin be the
maximum and the minimum values of π on the image of Φ˜α. Let A be the affine
subspace A = {v ∈ Lie(T 3)∗|v(R) = 1}. Then Φ˜α(Σmax) and Φ˜α(Σ1) are contained
in π−1(xmax) ∩ A by the construction. Hence to show Φ˜α(Σmax) = Φ˜α(Σ1), it
suffices to show the equality of the second coordinates of Φ˜α(Σmax) and Φ˜α(Σ
1).
We will prove the equality of the second coordinates of Φ˜α(Σmax) and Φ˜α(Σ
1)
computing the width of the level set of π in the polyhedron surrounded by the image
of Φ˜α. Note that the width of the level set of π in the domain surrounded by the
image of Φ˜α corresponds to the value of the density function of the Duistermaat-
Heckman measure in the case of symplectic manifolds with hamiltonian S1-action
(See [16]).
We define the width φ(x) of the level set of π at a value x by φ(x) = pr2(Φ˜α(C
2)∩
π−1(x)) − pr2(Φ˜α(C1) ∩ π−1(x)) where pr2 is the second projection on Lie(T 3)∗.
We define the width wmax and wmin of Φ˜α(Bmin) and Φ˜α(Bmin) by supz∈Ω pr2(z)−
infz∈Ω pr2(z) for Ω = Bmin and Bmax. If Bmin or Bmax is a closed orbit of the Reeb
flow, then wmin or wmax is 0 respectively. It suffices to show φ(xmax) = wmax to
show the coincidence of the second coordinates of Φ˜α(Σmax) and Φ˜α(Σ
1).
Let Lj1, L
j
2, · · · , Ljl(j) be the gradient manifolds which form Cj in the order of the
subscripts for j = 1 and 2. Recall that the value of Φ′ on the ω-limit set of Lji+1
is greater than the value of Φ′ on the ω-limit set of Lji for j = 1 and 2. Φ˜α(L
j
i ) is
contained in the intersection line of A and a plane P ji in Lie(T
3)∗. We denote the
primitive vector in Z3 with positive third coordinate defining the plane P ji by n
j
i .
Define kji = I(ρ, L
j
i ).
We will prove that the second component of nji is equal to (−1)jkji where nji is an
element of Lie(T 3) whose infinitesimal action of nji generates the isotropic action of
τ4 at Lji . Since the normal vector of Lie(G) in Lie(T
3) is equal to
(
0
1
0
)
, the absolute
value of the second component of nji is equal to the number of intersection points
of G and the S1-subgroup of T 3 corresponding to nji . The number of intersection
points of G and the S1-subgroup of T 3 corresponding to nji is equal to k
j
i . The
signature of the second component of nji is equal to (−1)j by the following two
reason:
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(i) the angle between the planes defined by nji and n
j
i+1 is smaller than π by
the local convexity of the image of the symplectic moment map defined on
the symplectization (See Theorem 4.7 of [15]) and
(ii) the value of Φ′ on the ω-limit set of Lji+1 is greater than the value of Φ
′
on the ω-limit set of Lji .
Hence the second component of nji is equal to (−1)jkji .
We denote the closed orbit of the Reeb flow between Lji and L
j
i+1 by Σ
j
ii+1.
We denote the value of π on Φ˜α(Σ
j
ii+1) by x
j
ii+1. Consider the union of seg-
ments ∪l(1)j=1Φ˜α(L1i ). Let sj be the slope of Φ˜α(Lj1) for j = 1 and 2. By Lemma
4.14 below, the change of the slope of ∪l(1)j=1Φ˜α(L1i ) when x goes through x1i is
− 1r
(
1
k1
i
k1
i+1
det ( n1i n1i+1 R )
)
. Hence the slope of Φ˜α(L
1
h) is
(72) s1 − 1
r
h−1∑
i=1
1
k1i k
1
i+1
det
(
n1i+1 n
1
i R
)
.
Similarly, the change of the slope of ∪l(1)j=1Φ˜α(L1i ) when x goes through x2i is− 1r
(
1
k2
i
k2
i+1
det ( n2i n
2
i+1 R )
)
.
Hence the slope of Φ˜α(L
2
h) is
(73) s2 − 1
r
h−1∑
i=1
1
k2i k
2
i+1
det
(
n2i+1 n
2
i R
)
.
By Lemma 4.14, we have
(74) s1 − s2 = 1
r
( 1
k11k
2
1
det ( n11 n21 R )
)
.
Let Lˆ1l(1) be the connected component of the inverse image of L
1
l(1) by the canonical
map W −→ M contained in the subset Umax of W . We denote the normal vector
of Φ˜α(Lˆ
1
l(1)) in Lie(T
3)∗ by nˆ1l(1). We put x
j
−1 0 = xmin and x
j
l(j)l(j)+1 = xmax for
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j = 1 and 2. By (72), (73) and (74), we can compute rφ(xmax) as follows:
(75)
rφ(xmax)
= rwmin +
∑
h(x
1
hh+1 − x1h−1h)
(
rs1 −∑h−1i=1 1k1i+1k1i det (n1i+1 n1i R) )
−∑h(x2hh+1 − x2h−1h)(rs2 −∑h−1i=1 1k2
i+1k
2
i
det
(
n2i+1 n
2
i R
) )
= rwmin + (xmax − xmin) 1k11k21 det ( n
1
1 n
2
1 R )
−∑j,h(xjhh+1 − xjh−1h)(∑h−1i=1 (−1)j−1kj
i+1k
j
i
det
(
nji+1 n
j
i R
) )
= rwmin + (xmax − xmin) 1k11k21 det
(
n11 n
2
1 R
)
−∑j,i(xmax − xjii+1) (−1)j−1kj
i+1k
j
i
det
(
nji+1 n
j
i R
)
= rwmin
+xmax
(
1
k11k
2
1
det
(
n11 n
2
1 R
)−∑j,i (−1)j−1kj
i+1k
j
i
det
(
nji+1 n
j
i R
) )
−
(
xmin
k11k
2
1
det
(
n11 n
2
1 R
)−∑j,i (−1)j−1xjii+1kj
i+1k
j
i
det
(
nji+1 n
j
i R
))
=
(
rwmin − 1k11k21 det
(
n11 n
2
1 xminR−X0
) )
−
(
rwmax +
1
k2
l(2)
k1
l(1)
det
(
n2l(2) nˆ
1
l(1) xmaxR−X0
))
+xmax
(
1
k2
l(2)
k1
l(1)
det
(
n2l(2) nˆ
1
l(1) R
)
+ 1
k11k
2
1
det
(
n11 n
2
1 R
)
−∑j,i (−1)j−1kj
i+1k
j
i
det
(
nji+1 n
j
i R
))
−
(
1
k2
l(2)
k1
l(1)
det
(
n2l(2) nˆ
1
l(1) X0
)
+ 1
k11k
2
1
det
(
n11 n
2
1 X0
)
−∑j,i (−1)j−1xjii+1kj
i+1k
j
i
det
(
nji+1 n
j
i R
))
+rwmax.
We show that the first line of the rightmost hand side of (75) is zero. If Bmin is of di-
mension 1, then we have wmin = 0 by the definition. We have det
(
n11 n
2
1 xminR−X0
)
=
0 by Lemma 4.15 below. Hence the first line is 0. If Bmin is of dimension 3, then the
first line is zero by Lemma 4.17 below. Similarly the second line is zero by Lemmas
4.15 and 4.17. The third and the fourth lines are zero by Lemma 4.20 below. The
fifth and the sixth lines are zero by Lemma 4.20. Hence we have φ(xmax) = wmax.
Then Φ˜α(Σmax) = Φ˜α(Σ
1) is proved.
We show n1l(1) = nˆ
1
l(1). Let P and Pˆ be the planes in Lie(T
3)∗ defined by the
normal vectors n1l(1) and nˆ
1
l(1) respectively. To show n
1
l(1) = nˆ
1
l(1), it suffices to show
P ∩ A = Pˆ ∩ A. By Φ˜α(Σmax) = Φ˜α(Σ1), the intersection of both of lines P ∩ A
and Pˆ ∩ A on A go through the same point Φ˜α(Σmax) = Φ˜α(Σ1). Hence to show
P ∩ A = Pˆ ∩ A, it suffices to show that P ∩ A and Pˆ ∩ A are parallel. Since the
slope of P ∩ A is
(76) s1 − 1
r
l(1)−1∑
i=1
1
k1i+1k
1
i
det
(
n1i+1 n
1
i R
)
and the slope of Pˆ ∩ A is
(77) (s2 − 1
r
l(2)−1∑
i=1
1
k2i+1k
2
i
det
(
n2i+1 n
2
i R
)
)− 1
r
( 1
k2l(2)k
1
l(1)
det ( n2l(2) nˆ
1
l(1) R )
)
,
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their difference is 0 by (74) and Lemma 4.20. Hence n1l(1) = nˆ
1
l(1) is proved.
Then the matrix which gives the conjugation of τ4|Umax and τ4|U1 is the identity,
because it fixes a plane Lie(G) and a vector n1l(1) = nˆ
1
l(1) which is not contained in
the plane Lie(G). The proof of the former part of Lemma 4.13 is completed.
The latter part of Proposition 4.13 follows from the fact that the slopes of
∪l(1)j=1Φ˜α(L1i ) and ∪l(2)j=1Φ˜α(L2i ) are monotone. Then ∪l(1)j=1Φ˜α(L1i ) and ∪l(2)j=1Φ˜α(L2i )
are graphs of convex functions with respect to the first coordinate in A. Hence
the width of each level set is positive and ∪l(1)j=1Φ˜α(L1i )∪∪l(2)j=1Φ˜α(L2i )∪ Φ˜α(Bmin)∪
Φ˜α(Bmax) is the boundary of a convex polyhedron. 
Lemma 4.14. Let n =
(
n(1)
n(2)
n(3)
)
and n′ =
(
n′(1)
n′(2)
n′(3)
)
be two covectors in R3∗. Let
A be the affine subspace {
(
v(1)
v(2)
r
)
∈ R3|v(1), v(2) ∈ R} where r is a nonzero real
number. Let l be the intersection line of A and the plane defined by n. Let l′ be
the intersection line of A and the plane defined by n′. We define the slope of l by
y
x if a vector
( x
y
0
)
is parallel to l. Then the difference of the slopes of l and l′ is
1
r
(− 1n(2)n′(2) det ( n n′ R ) ) where R = ( 00r
)
.
Proof. R× n =
(
−rn(2)
rn(1)
0
)
and R× n′ =
(
−rn′(2)
rn′(1)
0
)
are parallel to l and l′. Hence
the difference of the slopes is
(78)
−rn(1)
rn(2)
− −rn
′(1)
rn′(2)
= −n(1)n
′(2)− n′(1)n(2)
n(2)n′(2)
=
1
r
(
− 1
n(2)n′(2)
det ( n n′ R )
)
.

Lemma 4.15. Let (M,α) be a 5-dimensional K-contact orbifold. Let Σ be a closed
orbit of the Reeb flow. Assume that we have an α-preserving T 3-action τ on an
open neighborhood W of Σ. We denote the contact moment map for τ by Φ˜α defined
on W . We fix an element Y of Lie(T 3). Let L1 and L2 be two K-contact manifolds
such that Lj ∩W consists of points with nontrivial isotropy group of τ and contains
Σ. Let nj be the primitive vector in Lie(T
3) whose infinitesimal action generates
the identity component of the isotropy group of τ at Lj ∩W . Then we have
(79) det
(
n1 n2 Y − Φ˜α(Σ)(Y )R
)
= 0
where Φα(Σ)(Y ) is the coupling of Y with the value of Φ˜α at Σ.
Proof. Since Φ˜α(Σ)(Y − Φ˜α(Σ)(Y )R) = 0, the function α(Y − Φ˜α(Σ)(Y )R) on M
is 0 on Σ. Hence Y − Φ˜α(Σ)(Y )R is tangent to kerα on Σ. Then Y − Φ˜α(Σ)(Y )R
vanishes on Σ. Since {n1, n2} is a basis of the subspace of Lie(T 3) consisting of the
vectors whose infinitesimal actions vanish on Σ, we have (79). 
Lemma 4.16. Let B be a K-contact submanifold of (M,α) diffeomorphic to a lens
space. Assume that we have an α-preserving T 3-action τ on an open neighborhood
W of B. We denote the contact moment map for τ by Φ˜. Let L1 and L2 be two
K-contact manifolds which consist of points with nontrivial isotropy group of τ and
intersect B. Let nj be the primitive vector in Lie(T 3) whose infinitesimal action
generates the identity component of the isotropy group of τ at Lj for j = 1 and 2.
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Let nB be the primitive vector in Lie(T
3) whose infinitesimal action generates the
identity component of the isotropy group of τ at B. Put A = {v ∈ Lie(T 3)∗|v(R) =
1}. We define cones ∆′ and ∆ in Lie(T 3)∗ by
(80) ∆′ = {v ∈ Lie(T 3)∗|v(n1) ≥ 0, v(n2) ≥ 0, v(nB) ≤ 0}
and
(81) ∆ = {v ∈ Lie(T 3)∗|v(n1) ≥ 0, v(n2) ≥ 0}.
Then there exist a 5-dimensional K-contact orbifold (U, β) and a β-preserving T 3-
action σ on U such that
(i) the image of the contact moment map Ψ of (U, β) for σ contains ∆′ ∩ A
and
(ii) (U−Ψ−1(∆′), β|U−Ψ−1(∆′)) is isomorphic to (V −B,α|V−B) as K-contact
manifolds for an open neighborhood V of B in M .
Proof. Let Qj be the subspace of Lie(T 3)∗ defined by nj for j = 0 and 2. Applying
the Delzant construction for K-contact manifolds in Theorem 5.1 of [7] to ∆ ∩ A,
we have a 5-dimensional K-contact orbifold (M,α) of rank 2 with an α-preserving
T 3-action with the contact moment map Φ such that
(i) the image of Φ is ∆ ∩ A and
(ii) M − Φ−1(Q0 ∩Q2) is a smooth manifold.
Take a small open neighborhoodW of ∆′ in ∆. We show that (Φ
−1
(W ), α|Φ−1(W ))
satisfies the desired conditions on (U, β). (Φ
−1
(W ), α|
Φ
−1
(W )
) satisfies the condition
(i) by the construction.
By Lemma 4.9 and Proposition 5.2 of [18], two 5-dimensional K-contact toric
manifolds are isomorphic if the images of the contact moment maps are the same
convex subsets of Lie(T 3)∗. Since the images of the contact moment maps of
(Φ
−1
(W − ∆′), α|
Φ
−1
(W−∆′)) and (Φ˜
−1(W ) − B,α|Φ−1(W )−B) are the same and
convex, we have an isomorphism f from (Φ
−1
(W−∆′), α|
Φ
−1
(W−∆′)) to (Φ˜
−1(W )−
B,α|Φ−1(W )−B). Hence (Φ−1(W )−B,α|Φ′−1(W )−B) satisfies the condition (ii). 
Lemma 4.17. We use the notation in the assumption of Lemma 4.16. We fix
an element Y of Lie(G). The linear function on Lie(T 3)∗ defined by the coupling
with Y is denoted by π. Assume that B is the minimal component of the function
α(Y ) where Y is the infinitesimal action of Y . We assume that A is {
(
v(1)
v(2)
r
)
∈
R3|v(1), v(2) ∈ R} where r is a nonzero real number. We assume that the slope of
n1 is greater than the slope of n2. We denote the width of Φ(B) as a level set of
π|A by w. Then we have
(82) w =
1
r
(
− 1
n1(2)n2(2)
det
(
n1 n2 Φ(B)(Y )R− Y ) )
where v(2) denotes the second component of v in R3 and Φ(B)(Y ) is the coupling
of Y with the value of Φ at B.
Note that Φ is constant on B.
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Proof. Take (U, β) which satisfies the conditions (i) and (ii) in Lemma 4.16. We
put lj = Qj ∩ A for j = 1 and 2. Let Qj be the subspace of Lie(T 3)∗ defined by
nj for j = 1 and 2. We put {v0} = Q1 ∩ Q2 ∩ A and Σ = Ψ−1(v0). Then the
difference of the slopes of l1 and l2 is 1r
(
− 1n1(2)n2(2) det
(
n1 n2 R
))
by Lemma
4.14. Hence we have
(83) w = −1
r
(
Φ(B)(Y )−Ψ(Σ)(Y )) 1
n1(2)n2(2)
det
(
n1 n2 R
)
.
By Lemma 4.15, we have
(84) det
(
n1 n2 Ψ(Σ)(Y )R
)
= det
(
n1 n2 Y
)
.
By (83) and (84), we have (82). 
We prepare some notation for lens spaces which will be used in the following two
lemmas. Let τ0 be an effective S
1-actions on T 2 × {0} defined by
(85) t0 · (x, y, 0) = (x, t0y, 0).
Let τ1 be an S
1-actions on T 2 × {1} defined by
(86) t1 · (x, y, 1) = (tp1x, tq1y, 1)
for a pair of coprime integer (p, q). We put N = (T 2 × [0, 1])/ ∼, where (z1, u1) ∼
(z2, u2) if u1 = u2 = j and [(z1, u1)] = [(z2, u2)] in (T
2×{j})/τj for j = 0 or 1. For
a pair of coprime integers (p, q), let τ be a Z/pZ-action on S3 defined by
(87) ξ · (z1, z2) = (ξz1, ξ−qz2)
for ξ in Z/pZ where (x˜, y˜) is the standard coordinate on S3 and we regard Z/pZ
as a subgroup of the group of complex numbers of absolute value 1. We identify
L(p, q) = S3/τ with N by the map induced from f : S3/τ −→ T 2× [0, 1] defined by
f(z1, z2) = (arg(z1)
p, arg(z1)
q arg z2, |z1|) on the complement of the singular orbits
of τ .
For a group G′, a subgroup G′′ of G′ and a topological space A with a G′′-
action, G′ ×G′′ A denotes the quotient of G′ × A by the G′′-action defined by
g′′ · (g′, x) = (g′g′′, (g′′)−1 · x) for g′ in G′, g′′ in G′′ and x in A.
Lemma 4.18. Assume that the minimal component B of Φ is diffeomorphic to a
lens space. Assume that we have an α-preserving T 3-action τ near B. Let H be a
level set of Φ sufficiently close to B. Let L1 and L2 be two K-contact manifolds
which intersect B and consist of points with nontrivial isotropy group of τ near B.
We put kj = I(ρ, Lj) for j = 1 and 2. Let nj be the primitive vector in Lie(T
3)
whose infinitesimal action generates the isotropy group of τ at Lj for j = 1 and 2.
Take (U, β) which satisfies the conditions (i) and (ii) in Lemma 4.16. Let Qj be
the subspace of Lie(T 3)∗ defined by nj for j = 1 and 2. We put {v0} = Q1∩Q2∩A
and Σ = Ψ−1(v0). Let ρ1 be an S1-subaction of ρ such that the restriction of the
infinitesimal action of ρ1 is a positive multiple of the Reeb vector field of β on Σ.
We fix an S1-action ρ2 of ρ so that the product of ρ1 and ρ2 is equal to ρ. We fix
a transverse orientation of orbits of ρ in H as Subsection 4.1 (See comments after
Lemma 4.5). Then we have
(88) e(ρ2, H/ρ1) =
1
k1k2
det
(
n1 n2 Y
)
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where Y is the element of Lie(T 3) whose infinitesimal action generates ρ1. If B is
the maximal component of Φ diffeomorphic to a lens space and H is a level set of
Φ sufficiently close to B, then we have
(89) e(ρ2, H/ρ1) = − 1
k1k2
det
(
n1 n2 Y
)
where Y is the element of Lie(T 3) whose infinitesimal action generates ρ1.
Proof. H is the boundary of a T 3-invariant tubular neighborhood of Σ. Hence H is
a fiber bundle over S1. A fiber F in H is diffeomorphic to a lens space. By the slice
theorem for orbifolds (Proposition 2.3 of [21]), H is T 3-equivariantly diffeomorphic
to T 3×T 3ΣF where T 3Σ is the isotropy group of the T 3-action τ at Σ. By Lemma 3.13
of [18], T 3Σ is connected. Hence T
3
Σ is isomorphic to T
2. τ0 denotes the T
3-action
on S1 × F induced from the T 3-action on S1 × T 2 × [0, 1] defined by
(90) (s1, s2, s3) · (ζ, x, y, u) = (s1ζ, s2x, s3y, u).
We will show that T 3 ×T 3Σ F is T 3-equivariantly diffeomorphic to S1 × F with
the T 3-action τ0. The T
2-equivariant diffeomorphism type of a lens space L with
a T 2-action is determined by the isotropy groups at two singular orbits by the
slice theorem. In fact, L is a union of two tubular neighborhoods T 2 ×T 2Σ1 D
2
and T 2 ×T 2Σ2 D
2 where T 2Σj is the isotropy group of the T
2-action on L(p, q) at a
singular orbit Σj for j = 1 and 2. Since every T
2-equivariant diffeomorphism on
∂(T 2×T 2Σ2 D
2) can be T 2-equivariantly extended to T 2×T 2Σ2 D
2, the T 2-equivariant
diffeomorphism type of (T 2×T 2Σ1 D
2)∪ (T 2×T 2Σ2 D
2) is determined by T 2Σ1 and T
2
Σ2
.
The vectors in Lie(T 2) corresponding to the isotropy groups at two singular orbits
in F is written as ( 10 ) and (
p
q ) for a pair of coprime integers (p, q) such that p is
positive with respect to an identification of T 3Σ with T
2. Then F with the action
of T 3Σ is T
2-equivariantly diffeomorphic to L(p, q) with T 2-action induced from the
T 2-action on T 2 × [0, 1] defined by
(91) (s2, s3) · (x, y, t) = (s2x, s3y, u).
Then we have a T 2-equivariant diffeomorphism F −→ L(p, q). {1} × F is a T 2-
invariant transversal of a free S1-subaction of τ in H . Similarly, {1} × L(p, q)
is a T 2-invariant transversal of a free S1-subaction of τ0. Hence T
3 ×T 3Σ F with
T 3-action τ is T 3-equivariantly diffeomorphic to S1 × L(p, q) with T 3-action τ0.
Hence we can assume that H = S1×L(p, q) and that τ is the T 3-action induced
from the T 3-action on S1 × T 2 × [0, 1] defined by
(92) (s1, s2, s3) · (ζ, x, y, u) = (s1ζ, s2x, s3y, u).
Then ρ1 is written as
(93) t1 · (ζ, x, y, u) = (ta01 ζ, ta11 x, ta21 y, u)
and ρ2 is written as
(94) t2 · (ζ, x, y, u) = (tb02 ζ, tb12 x, tb22 y, u)
for a positive integer a0 and some integers a1, a2, b0, b1 and b2.
We will show
(95) − pa0 = det
(
n1 n2 Y
)
.
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Let nB be the vector in Lie(T
3) corresponding to the isotropy group T 3B of τ at B.
By a theorem of Thornton [27] (See Theorem 5.4 in this paper), if B is diffeomorphic
to L(p′, q′), then H is diffeomorphic to S1 × L(p′′, q′) for some integer p′′ which
divides p′. Hence B is diffeomorphic to L(ep, q) for some positive integer e. We
have ep = − det (n1 n2 nB) by Lemma 5.6. Hence (95) is equivalent to
(96) det
(
n1 n2 a0nB + eY
)
= 0.
{n1, n2} is a basis of the subspace of Lie(T 3) consisting vectors whose infinitesimal
actions vanish on Σ. Note that the actions on Σ induced from an S1-action on
S1 × T 2 × [0, 1] defined by
(97) t · (ζ, x, y, u) = (tw0ζ, tw1x, tw2y, u)
is written as
(98) t · ζ = tw0ζ.
We denote the action of the isotropy group of τ of B by τB . To show (96), it suffices
to show that τB is induced from the S
1-action on S1 × T 2 × [0, 1] defined by
(99) t · (ζ, x, y, u) = (t−eζ, tc1x, tc2y, u)
for some integers c1 and c2. We assume that τB is induced from the S
1-action on
S1 × T 2 × [0, 1] defined by
(100) t · (ζ, x, y, u) = (tc0ζ, tc1x, tc2y, u).
To show |c0| = |e|, we show that B = H/τB is diffeomorphic to L(|c0|p, q′) for
some q′. Since τB|Z/|c0|Z fixes the first S1-component and acts on the L(p, q)-
component freely, H/(τB|Z/|c0|Z) is diffeomorphic to S1 × L(|c0|p, q′) for some q′,
and we have H/τB = (S
1 ×L(p, q))/τB =
(
(S1 ×L(p, q))/(τB |Z/|c0|Z)
)
/τB =
(
S1×
(L(p, q)/(τB|Z/|c0|Z)
)
/τB. Since τB|Z/|c0|Z acts freely on the first S1-component of
S1×(L(p, q)/(τB|Z/|c0|Z)), the injection ι : L(p, q)/(τB|Z/|c0|Z) −→
(
S1×(L(p, q)/(τB|Z/|c0|Z)
)
/τB
defined by ι(z) = [(1, z)] is a diffeomorphism. Hence H/τB is diffeomorphic to
L(|c0|p, q′) for some q′. Hence we have |c0| = |e|. We show that c0 = −e. The
restriction of the infinitesimal action of ρ1 to Σ is a positive multiple of the Reeb
vector field by the assumption. On the other hand, the infinitesimal action YB of
τB to Σ is a negative multiple of the Reeb vector field. Then the signature of a0
and c0 are different. Since a0 is positive, c0 is negative. Since e is positive, we have
c0 = −e. Hence (96) and (95) are proved.
We prove Lemma 4.18 in a way similar to the proof of Lemma 4.5. Let ρ˜1 and
ρ˜2 be S
1-actions on S1 × L(p, q) induced from the S1-actions on S1 × T 2 × [0, 1]
defined by
(101) t1 · (ξ, w1, w2, u) = (t1ξ, w1, w2, u)
and
(102) t2 · (ξ, w1, w2, u) = (tb02 ξ, ta0b1−a1b02 w1, ta0b2−a2b02 w2, u)
respectively. Let τ be a Z/a0Z-action on S
1×L(p, q) induced from the Z/a0Z-action
on S1 × T 2 × [0, 1] defined by
(103) s · (ξ, w1, w2, u) = (sξ, s−a1w1, s−a2w2, u)
for s in Z/a0Z where we identify Z/a0Z with a subgroup of the complex numbers
with absolute values 1. We identify (S1 × L(p, q))/τ with S1 × L(p, q) by the map
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induced from f : S1 × T 2 × [0, 1] −→ S1 × T 2 × [0, 1] defined by f(ξ, w1, w2, u) =
(ξa0 , ξa1w1, ξ
a2w2, u). Then ρ˜1 induces ρ1 on (S
1 × L(p, q))/τ . ρ˜2 induces an S1-
action ρa02 on (S
1 × L(p, q))/τ which is defined by
(104) t2 · (ζ, x, y, ξ) = (ta0b02 ζ, ta0b12 x, ta0b22 y, u).
Hence the effective S1-action on (S1 × L(p, q))/τ induced from ρ˜2 is ρ2.
The cardinality of the isotropy group of the S1-action on (S1 × L(p, q))/ρ˜1 in-
duced from ρ˜2 is GCD(|a0b1 − a1b0|, |a0b2 − a2b0|). Since the cardinality of the
isotropy group of the S1-action on (S1 × L(p, q))/ρ1 induced from ρ2 is 1 by the
effectiveness of ρ, the cardinality of the isotropy group of the S1-action on (S1 ×
L(p, q))/ρ1 induced from ρ
a0
2 is a0. Hence S
1-manifold ((S1 × L(p, q))/ρ1, ρa02 ) is
equivariantly diffeomorphic to the quotient of the S1-manifold ((S1×L(p, q))/ρ˜1, ρ˜2)
by the Z/lZ-subaction of ρ˜2 where l =
a0
GCD(|a0b1−a1b0|,|a0b2−a2b0|) . By (25), we have
(105) e(ρ˜2, (S
1×L(p, q))/ρ˜1) = 1a0
GCD(|a0b1−a1b0|,|a0b2−a2b0|)
e(ρ2, (S
1×L(p, q))/ρ1).
Since (S1 × L(p, q))/ρ˜1 = L(p, q) and the Euler number of the S1-action on
L(p, q) induced from the S1-action on T 2 × [0, 1] defined by
(106) t · (x, y) = (sm1x, sm2y)
for a pair of integers (m1,m2) is − pGCD(|m1|,|m2|)m1(pm1−qm2) by Lemma 4.19, we have
(107) e(ρ˜2, (S
1×L(p, q))/ρ˜1) = − pGCD(|a0b1 − a1b0|, |a0b2 − a2b0|)
(a0b1 − a1b0)(p(a0b1 − a1b0)− q(a0b2 − a2b0)) .
By (105) and (107), we have
(108) e(ρ2, (S
1×L(p, q))/ρ1) = − pa0
(a0b1 − a1b0)(p(a0b1 − a1b0)− q(a0b2 − a2b0)) .
Note that k1 = |a0b1 − a1b0| and k2 = |p(a0b1 − a1b0) − q(a0b2 − a2b0)|. Since B
is a minimal component of Φ, the signatures of a0b1 − a1b0 and p(a0b1 − a1b0) −
q(a0b2 − a2b0) are the same as in the case of (47) and we have
(109) k1k2 = (a0b1 − a1b0)(p(a0b1 − a1b0)− q(a0b2 − a2b0)).
By (95) and (109), we have (88). The proof of (89) is similar. 
Lemma 4.19. Let σ be an S1-subaction of a T 2-action on L(p, q) induced from an
S1-action on T 2 × [0, 1] defined by
(110) t · (x, y, u) = (tm1x, tm2y, u)
for a pair of integers (m1,m2). Then we have
(111) e(σ, L(p, q)) = −pGCD(|m1|, |m2|)
m1(pm1 − qm2) .
Proof. We define an S1-action σ˜ on S3 by
(112) t · (z1, z2) = (tm1z1, tpm1−qm2z2).
Then σ˜ induces an S1-action pσ on N which is induced from the S1-action on
T 2 × [0, 1] which is the product of the trivial action on [0, 1] and the S1-action σp
on the T 2-component defined by
(113) t · (x, y) = (tpm1x, tpm2y).
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Hence the effective S1-action on L(p, q) induced from σ˜ is σ.
The cardinality of the isotropy group of the S1-action σ˜ on S3 is GCD(|m1|, |pm1−
qm2|). The cardinality of the isotropy group of the action σp on L(p, q) is pGCD(|m1|, |m2|).
Hence S1-manifold (L(p, q), σp) is equivariantly diffeomorphic to the quotient of the
S1-manifold (S3, σ˜) by the Z/lZ-subaction of σ˜ where l = pGCD(|m1|,|m2|)GCD(|m1|,|pm1−qm2|) . By
(25), we have
(114) e(σ˜, S3) =
1
pGCD(|m1|,|m2|)
GCD(|m1|,|pm1−qm2|)
e(σ, L(p, q)).
Since (S1 × S3)/σ˜1 = S3 and the Euler number of the S1-action on S3 defined by
(115) t · (z1, z2) = (sm1z1, sm2z2)
is −GCD(|m1|,|m2|)m1m2 by Lemma 4.4, we have
(116) e(σ˜0, S
3) = −GCD(|m1|, |pm1 − qm2|)
m1(pm1 − qm2) .
Then (111) follows from (114) and (116). 
Lemma 4.20. We use the notation in the proof of Proposition 4.13. Under the
condition (ii) of Proposition 4.12, we have
(117)
1
k2
l(2)
k1
l(1)
det
(
n2l(2) nˆ
1
l(1) Y
)
+ 1
k11k
2
1
det
(
n11 n
2
1 Y
)
−∑j,i (−1)j−1kj
i+1k
j
i
det
(
nji+1 n
j
i Y
)
= 0
for every Y in Lie(G) and
(118)
1
k2
l(2)
k1
l(1)
det
(
n2l(2) nˆ
1
l(1) X0
)
+ 1
k11k
2
1
det
(
n11 n
2
1 X0
)
−∑j,i (−1)j−1xjii+1kj
i+1k
j
i
det
(
nji+1 n
j
i R
)
= 0.
Proof. If Bmin is diffeomorphic to a lens space, then we take (U, β) which satisfies
the conditions (i) and (ii) of Lemma 4.16 for B = Bmin. we use the notation of
Lemma 4.16 substituting Bmin to B. Let Q
j be the subspace of Lie(T 3)∗ defined
by nj for j = 1 and 2. We put {v0} = Q1 ∩Q2 ∩A and Σmin = Ψ−1(v0). We define
Σmax in a way similarly to Σmin if Bmin is diffeomorphic to a lens space. We put
Ω = {Y ∈ Lie(G)| the restriction of the infinitesimal action of Y to Σmin, Σmax
or each closed orbit of the Reeb flow in M is a positive multiple of R.}. To show
(117) for every Y in Lie(G), it suffices to show (117) for an element Y of Ω, since
the both sides of (117) is linear and Ω contains a basis of Lie(G). We have
(119) I(σ,Σ1i ) = det ( n
1
i+1 n
1
i Y )
and
(120) I(σ,Σ2i ) = − det ( n2i+1 n2i Y )
for Y in Ω. In fact, I(σ,Σji ) is equal to the number of intersection points of the
isotropy group of Σji and the S
1-subgroup corresponding to σ in T 3. The right
hand sides of (119) and (120) are equal to the number of intersection points of the
isotropy group of Σji and the S
1-subgroup corresponding to σ in T 3, since {nji , nji+1}
is a Z-basis of the Lie algebra of the isotropy group of Σji . Note that the condition
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Y is an element of Ω determines the sign of the determinants in the right hand
sides of (119) and (120).
If both of Bmin and Bmax are of dimension 1, (117) for Y in Ω follows from
equations (119), (120) and Lemmas 4.6, 4.8. If Bmin or Bmax is diffeomorphic to a
lens space, then (117) for Y in Ω follows from equations (119), (120) and Lemmas
4.6, 4.8, 4.18.
The equation (118) follows from (117) and Lemma 4.15. In fact, applying Lemma
4.15 to each term of the left hand side of (118), we obtain
(121)
1
k2
l(2)
k1
l(1)
det
(
n2l(2) nˆ
1
l(1) X0
)
+ 1
k11k
2
1
det
(
n11 n
2
1 X0
)−∑i,j (−1)j−1xjii+1kj
i+1k
j
i
det
(
nji n
j
i+1 R
)
= 1
k2
l(2)
k1
l(1)
det
(
n2l(2) nˆ
1
l(1) X0
)
+ 1
k11k
2
1
det
(
n11 n
2
1 X0
)−∑i,j (−1)j−1kj
i
kj
i+1
det
(
nji+1 n
j
i X0
)
.
Then the right hand side of (121) is zero by substituting Y = X0 to (117). 
σ0 denotes the S
1-action on the annulus [0, 1]×S1 defined by the principal action
on the S1-component. We call σ0 the standard S
1-action on [0, 1]× S1.
Lemma 4.21. Assume that the conditions (i) and (ii) in Proposition 4.12 are
satisfied. Let C1 and C2 be two chains in (M,α). Assume that there is no nontrivial
chain except C1 and C2. Let V be an open neighborhood of C1 ∪C2 ∪Bmin ∪Bmax
and an α-preserving T 3-action τ on V . Assume that the image of the contact
moment map Φ˜ of (V, α|V ) for τ is an open neighborhood of the boundary of a
convex polygon in a 2-dimensional affine subspace of Lie(T 3)∗. Then there exist a τ-
invariant open neighborhood W of C1∪C2∪Bmin∪Bmax in V and a diffeomorphism
f : M −W −→ [0, 1] × [0, t0] × T 3 for some positive number t0 which satisfies the
following:
(i) the T 2-action ρ associated with α is conjugated by f to the product of the
trivial action on [0, 1]× [0, t0]× S1 and the principal action on T 2,
(ii) the T 3-action τ on V −W is conjugated by f to a T 3-action on an open
neighborhood U of the boundary of [0, 1]× [0, t0]× T 3 which is the product
of the trivial action on [0, 1]× [0, t0] and the standard action on T 3 and
(iii) the level sets of Φ is mapped to the level sets of the projection [0, 1] ×
[0, t0]× T 3 −→ [0, t0].
Proof. We fix a Riemannian metric g on M so that g is invariant under ρ on M
and invariant under τ on an open neighborhood V ′ of C1 ∪C2 ∪Bmin ∪Bmax in V .
We take a value x0 of Φ sufficiently close to Φ(Bmin). We put
(122) H = Φ−1(x0)− S
for a sufficiently small open tubular neighborhood S of (C1 ∪ C2) ∩ Φ−1(x0) in
Φ−1(x0). Then M − V ′ is contained in ∪0≤t≤t′0ψ′t(H) for some t′0 where {ψ′t} is
the gradient flow of Φ with respect to g. We put W = ∪0≤t≤t′0ψt(H). We will
construct f by modifying the gradient flow of Φ.
We will modify g so that the norm of the gradient vector field of Φ is 1 on W .
We put a Riemannian metric g1 on M so that
(123) g1 =
{
g on (R gradg Φ)
⊥ ⊗ (R gradg Φ)⊥
g(gradg Φ, gradg Φ)g on (R gradg Φ)⊗ (R gradg Φ)
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is satisfied on W . Note that g1 is a metric, since gradg Φ is nowhere vanishing
on W . We show g1(gradg1 Φ, gradg1 Φ) = 1. We can put gradg1 Φ = k gradg Φ
for a smooth nonnegative function k on M . We have g1(gradg1 Φ, gradg1 Φ) =
kg1(gradg1 Φ, gradg Φ) = kdΦ(gradg Φ) = kg(gradg Φ, gradg Φ) by the definition of
the gradient vector fields. Hence we have
(124) k =
g1(gradg1 Φ, gradg1 Φ)
g(gradg Φ, gradg Φ)
.
On the other hand, we have
(125)
g1(gradg1 Φ, gradg1 Φ) = g(gradg Φ, gradg Φ)g(gradg1 Φ, gradg1 Φ)
= g(gradg Φ, gradg Φ)k
2g(gradg Φ, gradg Φ)
by the definition of g1. Hence we have
(126) k =
√
g1(gradg1 Φ, gradg1 Φ)
g(gradg Φ, gradg Φ)
.
Then we have g1(gradg1 Φ, gradg1 Φ) = 1 by (124) and (126).
The gradient flow of Φ with respect to g1 maps the intersection ofW and level sets
of Φ to the intersection ofW and level sets of Φ, since (gradg1 Φ)Φ = dΦ(gradg1 Φ) =
g1(gradg1 Φ, gradg1 Φ) = 1.
Since the contact moment maps are submersions on the union of the free orbits
of the toric actions by Lemma 3.18, Φ˜|V−(C1∪C2∪Bmin∪Bmax) is a submersion whose
fibers are the orbits of τ . Hence we have a diffeomorphism φ : H −→ [0, 1] × T 3
which is T 3-equivariant with respect to τ and the principal T 3-action on the second
component of [0, 1] × T 3. We identify H with [0, 1] × T 3 by φ. Then we have a
diffeomorphism χ defined by
(127)
χ : ∪0≤t≤t0ψt(H) −→ [0, 1]× [0, t0]× T 3
ψt(s, ζ1, ζ2, ζ3) 7−→ (t, s, ζ1, ζ2, ζ3)
where (s, ζ1, ζ2, ζ3) is the standard coordinate on [0, 1]×T 3, {ψt} is the gradient flow
of Φ with respect to g1 and t0 is taken so thatM − V ′ is contained in ∪0≤t≤t0ψt(H).
Since g is ρ-invariant, ρ commutes with the gradient flow {ψt}. Hence χ is T 2-
equivariant with respect to ρ and the principal T 2-action on the T 2-component
of [0, 1] × [0, t0] × S1 × T 2. Since g is τ -invariant on an open neighborhood of
C1 ∪ C2, τ commutes with the gradient flow {ψt}. Hence χ is T 3-equivariant on
χ−1({(t, s, ζ1, ζ2, ζ3) ∈ [0, 1]×[0, t0]×T 3|0 ≤ s ≤ r0, 1−r0 ≤ s ≤ 1}) for some r0 with
respect to τ and the principal T 3-action on the T 3-component of [0, 1]× [0, t0]×T 3.
Hence the T 2-action χ ◦ ρ ◦χ−1 on [0, 1]×{0, t0}×T 3 is the principal T 2-action to
the T 2-component of [0, 1]× [0, t0]× T 3 = [0, 1]× [0, t0]× S1 × T 2. The restriction
of the T 3-action χ ◦ τ ◦ χ−1 on an open neighborhood of [0, 1]× {0, t0} × T 3 is the
principal T 3-action on the T 3-component.
We put D = ([0, 1] × [0, t0] × T 3)/ρ. τ induces an S1-action τ on an open
neighborhood of the boundary of D. We show that τ extends to D. By the
construction of g1, the level sets of Φ is mapped to the level sets of the second
projection [0, 1] × [0, t0] × T 3 −→ [0, t0]. Since the level sets of Φ is preserved by
τ , τ preserves the level sets of the map p|V/ρ : V/ρ −→ [0, t0] where p is the map
induced from the second projection [0, 1]× [0, t0]× T 3 −→ [0, t0]. The level sets of
p : D −→ [0, t0] are annuli. The coordinate on D induced from the coordinate of
[0, 1]× [0, t0]×T 3 gives a diffeomorphism from each level set of p to [0, 1]×S1. τ is
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the standard rotation with respect to the coordinate induced from the coordinate
of [0, 1] × [0, t0] × T 3 on each level set of p near the boundary. Choose a small
positive number ǫ so that τ is defined on two level sets p−1(ǫ) and p−1(t0 − ǫ) of
p. Since these S1-actions on p−1(ǫ) and p−1(t0 − ǫ) are induced from the principal
T 3-action on the principal T 3-bundle on the unit interval, they are isomorphic to
the standard S1-action σ0 on the annulus [0, 1]× S1. We fix diffeomorphisms
(128) ft : p
−1(t) −→ [0, 1]× S1
which are S1-equivariant with respect to τ |p−1(t) and σ0 for t = ǫ and t0−ǫ. Let δ be
a positive number which satisfies δ + ǫ < 12 . By Lemma B.2 of [16], there exists an
isotopy {f t}ǫ≤t≤ǫ+δ connecting fǫ to fǫ+δ = id[0,1]×S1 in the diffeomorphism group
of the annulus defined by a smooth map F1 : p
−1([ǫ, ǫ + δ]) −→ [0, 1] × S1 such
that ft is a rotation on the S
1-component of each level set p−1(t) diffeomorphic
to an annulus near the boundary for each ǫ ≤ t ≤ ǫ + δ. Similarly by Lemma
B.2 of [16], there exists an isotopy connecting ft0−ǫ−δ = id[0,1]×S1 to ft0−ǫ in the
diffeomorphism group of the annulus defined by a smooth map F2 : p
−1([t0 − ǫ −
δ, t0 − ǫ]) −→ [0, 1] × S1 such that ft is a rotation on the S1-component of each
level set p−1(t) diffeomorphic to an annulus near the boundary for each t0− ǫ− δ ≤
t ≤ t0 − ǫ. Then we can extend τ to an S1-action τ1 on D by defining
(129) τ1|p−1(t) =


τ |p−1(t) t0 − ǫ < t ≤ t0
F−12 |p−1(t) ◦ σ0 ◦ F2|p−1(t) t0 − ǫ − δ < t ≤ t0 − ǫ
σ0 ǫ+ δ < t ≤ t0 − ǫ− δ
F−11 |p−1(t) ◦ σ0 ◦ F1|p−1(t) ǫ < t ≤ ǫ+ δ
τ |p−1(t) 0 ≤ t ≤ ǫ.
Note that τ1 coincides with τ on an open neighborhood of the boundary of D,
since every element in the isotopy {ft}ǫ≤t≤ǫ+δ and {ft}t0−ǫ−δ≤t≤t0−ǫ is a rotation
on the S1-component of each level set p−1(t) diffeomorphic to an annulus near the
boundary.
We will show that there exists a T 3-action τ1 on M which satisfies the following
conditions:
(a): τ1 commutes with ρ,
(b): τ1 is an extension of τ and
(c): Φ is constant on each orbit of τ1.
To show the existence of τ1, it suffices to show that the T
3-action χ ◦ τ ◦ χ−1
defined on an open neighborhood of the boundary of [0, 1]× [0, t0]× T 3 extends to
[0, 1] × [0, t0] × T 3 so that the extension commutes with χ ◦ ρ ◦ χ−1 and induces
τ1 on D. Let Z be a vector field on D generating τ1. Let π be the projection
[0, 1]× [0, t0]× T 3 −→ ([0, 1]× [0, t0]× T 3)/χ ◦ ρ ◦ χ−1. π is the trivial T 2-bundle
over D. Let σ be the S1-action on [0, 1]× [0, t0]× T 3 defined by the principal S1-
action on the first S1-component of [0, 1]× [0, t0]×T 3 = [0, 1]× [0, t0]×S1×S1×S1.
Then σ induces τ1 on an open neighborhood of the boundary ofD. We take a vector
field Z on [0, 1]× [0, t0]× T 3 so that the following conditions are satisfied:
(i) Z is invariant by χ ◦ ρ ◦ χ−1,
(ii) π∗Z = Z and
(iii) Z coincides with an infinitesimal action of σ on an open neighborhood of
the boundary of [0, 1]× [0, t0]× T 3.
44 HIRAKU NOZAWA
For each S1-orbit γ of τ1 in D, Z defines a flat principal T
2-connection of π|π−1(γ).
Integrating Z, we have a holonomy of the flat bundle π|π−1(γ) along γ which is a
left multiplication of an element m(γ) of T 2. Since we have a smooth map defined
by
(130)
m : D/τ1 −→ T 2
γ 7−→ m(γ).
If γ is sufficiently close to the boundary of D/τ1, we have m(γ) = eT 2 where eT 2 is
the unit element of T 2, since Z˜ generates an S1-action σ on π−1(γ). Note that Z˜
generates an S1-action on π−1(γ) which induces τ1 on D if and only if m(γ) = eT 2 .
D is a trivial S1-bundle over [0, 1]× [0, t0]. We fix an S1-equivariant diffeomorphism
h : D −→ [0, 1]× [0, t0]×S1. h induces a diffeomorphism h : D/τ1 −→ [0, 1]× [0, t0].
Since π2(T
2) = 0, we have a smooth map
(131) q : ([0, 1]× [0, t0])× [0, 1] −→ T 2
such that q|([0,1]×[0,t0])×{0} = m ◦ h
−1
and the restriction of q on an open neigh-
borhood of the boundary of ([0, 1]× [0, t0])× [0, 1] is the constant map to eT 2 . We
put q(u, v, θ) = (q2(u, v, θ), q3(u, v, θ)). We take smooth functions q
′
j on ([0, 1] ×
[0, t0])× [0, 1] so that
(132)
∫ θ
0
q′j(u, v, η)dη = qj(u, v, θ)
for j = 2 and 3. Then q′j induces a smooth map
(133) qj : ([0, 1]× [0, t0])× S1 −→ T 2
on ([0, 1] × [0, t0]) × S1 = ([0, 1] × [0, t0]) × [0, 1]/((u, v) × {0} ∼ (u, v) × {1}) for
j = 2 and 3, since q is constant near the boundary of D. We define a vector field
on [0, 1]× [0, t0]× T 3 by
(134) Z1(s,t,ζ1,ζ2,ζ3) = Z − q′2 ◦ h−1(s, t, ζ1)
∂
∂ζ2
− q′3 ◦ h−1(s, t, ζ1)
∂
∂ζ3
,
where (s, t, ζ1, ζ2, ζ3) is the standard coordinate of [0, 1]× [0, t0]× T 3. Since q′j = 0
on an open neighborhood of the boundary of [0, 1] × [0, t0] × T 3, Z1 = Z there.
For each orbit γ of τ , let m1(γ) be the element of T
2 whose left multiplication
map is the holonomy map of the flat connection given by Z1 on π|π−1(γ). Since
m1(γ) = m(γ) − q ◦ h−1(1) = 0 by the construction of q, we have m1(γ) = eT 2 .
Hence Z1 generates an S
1-action which commutes with χ◦ρ◦χ−1 and is an extension
of σ.
Let τ1 be the T
3-action on M which satisfies the above conditions (a), (b) and
(c) in the third paragraph of the proof. We take a metric g′ onM which is obtained
by averaging g1 by τ1. Then g
′(gradg′ Φ, gradg′ Φ) = 1 is satisfied. Let {ψ′t} be the
gradient flow of Φ with respect to g′. Then we have a diffeomorphism χ′ defined
by
(135)
χ′ : ∪0≤t≤t0ψt(H) −→ [0, 1]× [0, t0]× T 3
ψ′t(s, ζ1, ζ2, ζ3) 7−→ (t, s, ζ1, ζ2, ζ3).
Since g′ is invariant under τ1, the desired conditions for f is satisfied by χ′. 
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Lemma 4.22. We denote the principal T 3-action on the T 3-component of [0, 1]×
[0, t0]× T 3 by τ . Let α be a K-contact form of rank 2 on [0, 1]× [0, t0]× T 3 which
satisfies the following conditions:
(i) the T 2-action ρ associated with α is the product of the trivial action on
[0, 1]× [0, t0]× S1 and the principal action on T 2,
(ii) there exists a τ-invariant open neighborhood U of the boundary of [0, 1]×
[0, t0]× T 3 and τ preserves α|U ,
(iii) [0, 1]× {t} × T 3 is a level set of the contact moment map for ρ for each t
in [0, t0] and
(iv) the image of U by the contact moment map for τ is an open neighbor-
hood of the boundary in a convex subset in a 2-dimensional affine space in
Lie(T 3)∗.
Then we have an α-preserving T 3-action τ˜ on [0, 1] × [0, t0] × T 3 which coincides
with τ on an open neighborhood of the boundary.
Proof. We put A = {v ∈ Lie(T 3)∗|v(R) = 1}. We fix a 1-dimensional affine sub-
space S of A so that A = S⊕ ker(π|A) where π is the restriction map Lie(T 3)∗ −→
Lie(G)∗. Let Φ˜ : U −→ S ⊕ ker(π|A) be the contact moment map for τ . Let
Φ: [0, 1] × [0, t0] × T 3 −→ S be the contact moment map for ρ. We have Φ˜(x) =
(Φ(x),Ψ(x)) for some map Ψ: [0, 1]× [0, t0] × T 3 −→ ker(π|A) and every x in U .
By the conditions (i) and (ii), Ψ and Φ can be written as Φ(x, y) = Φ(x) and
Ψ(x, y) = Ψ(x) for x in [0, 1] × [0, t0] and y in T 3. Since Φ˜ is a submersion by
Lemma 3.18, dΦ ∧ dΨ is nowhere vanishing on U . By the conditions (iii), (iv)
and Lemma 4.23 below, we can extend Ψ to [0, 1]× [0, t0]× T 3 so that dΦ ∧ dΨ is
nowhere vanishing on [0, 1]× [0, t0]. We extend Φ˜ by Φ˜(x, y) = (Φ(x),Ψ(x)) for x
in [0, 1]× [0, t0] and y in T 3.
We take a τ -invariant 1-form β on [0, 1]×[0, t0]×T 3 which satisfies β|U ′ = α|U ′ for
an open neighborhood U ′ of the boundary of [0, 1]× [0, t0]× T 3 and β(Y ) = Φ˜(Y )
for every element Y of Lie(T 3), where Y is the infinitesimal action of Y , in the
following way: Let F be the vector bundle on [0, 1] × [0, t0] × T 3 defined by the
kernel of the differential map of the projection [0, 1]× [0, t0]×T 3 −→ [0, 1]× [0, t0].
The equation β(Y ) = Φ˜(Y ) for every element Y of Lie(T 3) determines a τ -invariant
element β0 of C
∞(F ∗). We take an inverse image β1 of β0 by the restriction map
C∞(T ∗([0, 1]× [0, t0]×T 3)) −→ C∞(F ∗). By averaging β1 by τ , we obtain β which
satisfies the conditions.
We show that β is a K-contact form whose Reeb vector field is R. By β(R) = 1
and LRβ = 0, we have
(136) ι(R)dβ = 0.
Hence it suffices to show that β is a contact form. Take a point x on [0, 1] ×
[0, t0] × T 3. Fix infinitesimal actions Y1 and Y2 of τ such that {Rx, Y1x, Y2x} is
linearly independent. Since Φ˜ is a submersion, d(β(Y1))∧ d(β(Y2)) is nowhere van-
ishing. Hence there exists a vector Z1x and Z2x in TxM such that d(β(Y1x))(Z2x) =
0, d(β(Y2x))(Z1x) = 0, d(β(Y1x))(Z1x) and d(β(Y2x))(Z2x) are nonzero. Since
dβ(Yjx, Zkx) = −d(β(Yjx))(Zkx) by LYjβ = 0, we have
(137) dβ(Yjx, Zkx) 6= 0
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if j = k and
(138) dβ(Yjx, Zkx) = 0
if j 6= k. Since Y1x and Y2x are tangent to an orbit of τ , we have
(139) dβ(Y1x, Y2x) = 0
by Lemma 2.4. By equations (136), (137), (138) and (139), we have β ∧ dβ ∧
dβ(Rx, Y1x, Y2x, Z1x, Z2x) = −dβ(Y1x, Z1x)dβ(Y2x, Z2x). Hence β ∧ dβ ∧ dβ is
nowhere vanishing and β is contact.
We show that ([0, 1]× [0, t0]×T 3, α) and ([0, 1]× [0, t0]×T 3, β) are isomorphic by
a diffeomorphism whose restriction to an open neighborhood of the boundary is the
identity. We put αt = (1− t)α+ tβ for t in [0, 1]. Since the Reeb vector fields and
the contact moment maps of α and β are the same, dαt induces a symplectic form
on TM/RR by Proposition 3.16 (i). Then kerαt is a ρ-invariant contact structure
for every t. Then by the equivariant version of Gray’s theorem [14], kerα and kerβ
are isomorphic by a ρ-equivariant diffeomorphism f whose restriction to an open
neighborhood of the boundary is the identity. By the ρ-equivariance of f , we have
f∗R = R. Hence we have f∗β = α.
By conjugating τ by f , we have a T 3-action τ˜ which satisfies the desired condi-
tions. 
Lemma 4.23. Let Φ be a second projection [0, 1] × [0, t0] −→ [0, t0]. Let Ψ be a
smooth function defined on an open neighborhood U of the boundary of [0, 1]×[0, t0].
Assume that
(i) dΦ ∧ dΨ is nowhere vanishing on U and
(ii) the image of (Φ×Ψ)|U : U −→ R2 is an open neighborhood of the boundary
of a convex subset in R2.
Then there exists a smooth function Ψ1 on [0, 1]× [0, t0] such that
(i) dΦ ∧ dΨ1 is nowhere vanishing on [0, 1]× [0, t0] and
(ii) Ψ1 coincides with Ψ on an open neighborhood of the boundary of [0, 1] ×
[0, t0].
Proof. Note that the assumptions (i) and (ii) imply that Ψ is monotone increasing
on each level set of Φ. We define a positive function F on U by F (x) = inf{Ψ(1)−
Ψ(x),Ψ(x)−Ψ(0), t0−Φ(x),Φ(x)}. For a positive real number ǫ, we define D(ǫ) =
{x ∈ U |F (x) ≤ ǫ}. D(ǫ) is an open neighborhood of the boundary of [0, 1]× [0, t0]
by the assumption. We take a real number ǫ0 so that D(2ǫ0) is contained in U . For
x in [0, 1]× [0, t0], let x− and x+ be two points which satisfy the following:
(i) Φ(x) = Φ(x−), Φ(x) = Φ(x+),
(ii) Ψ(x−) = ǫ+Ψ(0) and
(iii) Ψ(x+) = Ψ(1)− ǫ.
Let p be the first projection defined on [0, 1]× [0, t0]. We define a function Ψ0 on
([0, 1]× [0, t0])−D(ǫ0) by
(140) Ψ0(x) =
(
1− p(x+)− p(x)
p(x+)− p(x−)
)(
Ψ(1)− 2ǫ
)
+
p(x+)− p(x)
p(x+)− p(x−) (2ǫ+ Ψ(0)).
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Then Ψ0 is smooth and monotone increasing on each level set of Φ. Let b be a
smooth function on R≥0 which is monotone increasing and satisfies
(141) b(t) =
{
0, 0 ≤ t ≤ 4ǫ03
1, 5ǫ03 ≤ t.
We extend F to [0, 1]× [0, t0] defining F (x) = 2ǫ0 for x in ([0, 1]× [0, t0])− U . We
define a smooth function Ψ1 on [0, 1]× [0, t0] by
(142) Ψ1(x) = (1− b(F (x)))Ψ + b(F (x))Ψ0.
Then Ψ1 is smooth and monotone increasing on each level set of Φ. Since Ψ1
coincides with Ψ on D(ǫ), Ψ1 satisfies the desired conditions. 
We show Proposition 4.12.
Proof. Take two chains C1, C2 in (M,α) so that there is no nontrivial chain except
C1 and C2. By Lemma 4.13, we have an α-preserving T 3-action τ on an open
neighborhood V of C1 ∪ C2 ∪ Bmin ∪ Bmax. By Lemma 4.21, there exist an open
neighborhood W of C1 ∪ C2 ∪ Bmin ∪ Bmax whose closure is contained in V and
a diffeomorphism f : M −W −→ [0, 1]× [0, t0]× T 3 such that the K-contact form
(f−1)∗α on [0, 1]× [0, t0] × T 3 and the T 3-action f−1 ◦ τ ◦ f on f(V ∩ (M −W ))
satisfy the assumption of Lemma 4.22. Then we have an α-preserving T 3-action on
M by Lemma 4.22. 
5. Contact blowing up for 5-dimensional K-contact manifolds
We give the definition of contact blowing up and down for 5-dimensional K-
contact manifolds as special cases of contact cuts defined by Lerman [17].
5.1. Contact blowing up along a closed orbit of the Reeb flow. We define
the contact blowing up along a closed orbit of the Reeb flow. Let (M,α) be a closed
5-dimensional K-contact manifold of rank 2. We denote the T 2-action associated
with α by ρ. Take a closed orbit Σ of the Reeb flow of α.
By Lemma 8.11, we have an α-preserving T 3-action τ on an open neighborhood
of Σ. Let σ be an S1-subaction of τ which satisfies
(i) {x ∈ M |α(X) = 0} is the boundary of an open tubular neighborhood U
of Σ where X is the vector field generating σ and
(ii) σ acts freely on {x ∈M |α(X) = 0}.
Then we can define a smooth structure and a K-contact structure on (M − U) ∪(
(∂U)/σ
)
by Lerman [17].
Definition 5.1. (Contact blowing up along a closed orbit of the Reeb flow) We
call the operation to obtain the K-contact manifold (M − U) ∪ ((∂U)/σ) from M
the contact blowing up along Σ. We call the inverse operation the contact blowing
down along (∂U)/σ to Σ.
We describe the contact blowing up in the case where the isotropy group of ρ at
Σ is connected. In this case, the expression of normal forms is simple. In general
cases, we have to take a finite covering of Σ to write α by coordinates.
By Lemma 8.21, there exists a ρ-invariant tubular neighborhood U such that
(U, α|U ) is isomorphic to (S1 ×D4ǫ , α0) defined as follows:
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α0 is the contact form on S
1 ×D4ǫ defined by
(143)
α0 =
1− λ1(m1|z1|2 +m2|z2|2)
λ0
dζ +
√−1
2
(z1dz1 − z1dz1) +
√−1
2
(z2dz2 − z2dz2),
where (m1,m2) is a pair of coprime integers, λ0 and λ1 are some real numbers
which are linearly independent over Q.
For positive numbers r1, r2 greater than ǫ
−2, we define
(144)
D4r1,r2 = {(z1, z2) ∈ C2|r1|z1|2 + r2|z2|2 < 1}
S3r1,r2 = ∂D
4
r1,r2 .
If we define a vector field on S1 × S3r1,r2 by
(145)
X = λ0
∂
∂ζ
+
(
λ1m1−r1
)√−1(z1 ∂
∂z1
−z1 ∂
∂z1
)
+
(
λ1m2−r2
)√−1(z2 ∂
∂z2
−z2 ∂
∂z2
)
,
then the flow σ generated by X has the following properties:
(i) (kerα0)|S1×S3r1,r2 is invariant under σ,
(ii) the orbits of σ are tangent to (kerα0)|S1×S3r1,r2 ,
(iii) σ commutes with ρ,
(iv) every orbit of σ is closed if and only if λ1m1−r1λ0 and
λ1m2−r2
λ0
are rational,
and
(v) if every orbit of σ is closed, then X generates a free S1-action if and only if
GCD(a0, a1) = 1 and GCD(a0, a2) = 1, where a0 is the least common mul-
tiple of the denominators of λ1m1−r1λ0 and
λ1m2−r2
λ0
, a1 and a2 are integers
defined by
(146) a1 = a0
λ1m1 − r1
λ0
, a2 = a0
λ1m2 − r2
λ0
.
X is characterized by the first two properties among vector fields which are linear
with respect to the standard coordinate. Assume that the latter conditions in (iv)
and (v) are satisfied. Then we have a smooth structure and a K-contact structure
on (M − (S1 ×D4r1,r2))/σ by Lerman [17].
Note that (S1 × S3r1,r2)/σ is a lens space with two new closed orbits of the
Reeb flow. The number of the closed orbits of the Reeb flow increases by 1 by
this operation. Figure 3 shows the change of the graph of isotropy data when we
perform contact blowing up along a closed orbit Σ of the Reeb flow.
Figure 4 shows the change of the image of contact moment map for the standard
T 3-action on S1 × D4 with a standard K-contact form when we perform contact
blowing up along S1 × {0}. Note that the image of the contact moment map for a
T 3-action on a 5-dimensional contact toric manifold is contained in a 2-dimensional
affine subspace of Lie(T 3)∗ (See Subsection 3.5). Figure 4 is the picture in the
2-dimensional affine space.
5.2. Contact blowing up along a K-contact lens space. We define contact
blowing up along a lens space. Let (M,α) be a closed 5-dimensional K-contact
manifold of rank 2. We denote the T 2-action associated with α by ρ. Let L be a
K-contact submanifold of (M,α) diffeomorphic to a lens space.
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Figure 3. Contact blowing up along Σ.
(148)
Figure 4. Contact blowing up S1 ×D4 along S1 × {0}.
By Lemma 8.12, there exist an open neighborhood U of L and an (α|U )-preserving
T 3-action τ on U . Let σ be an S1-subaction of τ which satisfies the following con-
ditions:
(i) {x ∈ M |α(X) = 0} is the boundary of an open tubular neighborhood U
of Σ where X is the infinitesimal action of σ and
(ii) σ acts freely on {x ∈M |α(X) = 0}.
Then we can define a smooth structure and a K-contact structure on (M − U) ∪(
(∂U)/σ
)
by Lerman [17].
Definition 5.2. (Contact blowing up along a K-contact lens space) We call the
operation to obtain a K-contact manifold (M −U)∪ ((∂U)/σ) from M the contact
blowing up along L. We call the inverse operation the contact blowing down along
(∂U)/σ to L.
The number of the closed orbits of the Reeb flow does not change in this opera-
tion. Note that we can always perform contact blowing down along any K-contact
lens space to some K-contact lens space. The situation is different from the contact
blowing down along a K-contact lens space to a closed orbit of the Reeb flow as we
will see the next subsection.
When we perform contact blowing up along lens spaces, the underlying graph of
the graph of isotropy data does not change, but the attached data change.
Figure 5 shows the change of the image of contact moment map for a T 3-action on
an open neighborhood of a K-contact lens space when we perform contact blowing
up along theK-contact lens space. Note again that the image of the contact moment
map for a T 3-action on a contact toric manifold is contained in a 2-dimensional
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Figure 5. Contact blowing up along a K-contact lens space.
affine subspace of Lie(T 3)∗ (See Subsection 3.5) and Figure 5 is the picture in the
2-dimensional affine subspace.
5.3. Conditions to perform contact blowing down along a lens space to
a closed orbit of the Reeb flow. Let (M,α) be a 5-dimensional K-contact
manifold of rank 2 and L be a K-contact submanifold of (M,α) diffeomorphic to
a lens space. We denote the torus action associated with α by ρ. We present two
conditions under which we can perform contact blowing down along L to a closed
orbit of the Reeb flow.
The first condition is a topological characterization which follows directly from
the normal form theorem of K-contact submanifolds. The second condition is a
sufficient condition in terms of the cardinality of the isotropy group of ρ. Note that
the Euler class of the normal bundle of L is well-defined since the normal bundle
has a symplectic structure induced from dα.
Lemma 5.3. The followings are equivalent:
(i) There exist a K-contact manifold (M,α) of rank 2 and a closed orbit Σ
of the Reeb flow on (M,α) such that (M,α) is obtained by the contact
blowing up along Σ to L from (M,α).
(ii) The total space of the normal S1-bundle of L in M is diffeomorphic to
S1 × S3.
(iii) The Euler class of the normal S1-bundle of L in M is a generator of
H2(L;Z).
Proof. The proof of (ii) from (i) is clear, since the boundary of a tubular neighbor-
hood of Σ in M is diffeomorphic to S1 × S3.
The equivalence of (ii) and (iii) follows from the following theorem of Thorn-
ton [27]: Let L(p, q) be the lens space of type (p, q). Note that H2(L(p, q);Z) is
isomorphic to Z/pZ and GCD(p, e) is well-defined for e in H2(L(p, q);Z).
Theorem 5.4 (Thornton [27]). The total space N of the principal S1-bundle
over L(p, q) with the Euler class e in H2(L(p, q);Z) is homeomorphic to S1 ×
L(GCD(p, e), q). Hence N is homeomorphic to S1 × S3 if and only if the Euler
class is a generator of H2(L(p, q);Z).
We show (i) from (iii). Assume that the Euler class of the normal S1-bundle of
L in M is a generator of H2(L;Z). By Lemma 8.12, there exists an α-preserving
T 3-action τ on an open neighborhood W of L. Let L0 and L2 be two gradient
manifolds whose closures intersect L and are smooth near L. We put L1 = L.
Let nj be the primitive vector in Lie(T 3) whose infinitesimal action generates the
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isotropy group of τ at Lj for j = 0, 1 and 2. Let A = {v ∈ Lie(T 3)∗|v(R) = 1}. Let
Φ˜α be the contact moment map for τ . Then V = Φ˜α(U) is an open neighborhood
of F 1 ∩ A in ∆ ∩ A where ∆ is the cone defined by
(150) ∆ = {v ∈ Lie(T 3)∗|v(n0) ≥ 0, v(n2) ≥ 0, v(n1) ≥ 0}
and F i is the face of ∆ defined by the normal vector ni for i = 0, 1 and 2. We
define the cones ∆′ and ∆˜ in Lie(T 3)∗ by
(151) ∆′ = {v ∈ Lie(T 3)∗|v(n0) ≥ 0, v(n2) ≥ 0, v(n1) ≤ 0}
and
(152) ∆˜ = {v ∈ Lie(T 3)∗|v(n0) ≥ 0, v(n2) ≥ 0}.
By Lemma 4.16, we have a K-contact orbifold (U˜ , α˜) and an α˜-preserving T 3-
action σ on U˜ such that
(a): the image of the contact moment map Φ for σ contains ∆′ and
(b): (U˜ − Φ−1(∆′), α˜|U˜−Φ−1(∆′)) is isomorphic to (U − B,α|U−B) as K-
contact manifolds, where U is an open neighborhood of B in M .
By (iii) and Lemma 5.6, there exists a vector v in Lie(T 3)∗Z such that det ( n0 n2 v ) =
1. Hence (U˜ , α˜) is a smooth manifold, since the image of the contact moment map
satisfies the Delzant condition. We obtain a K-contact manifold (M,α) by attach-
ing (M−L, α|M−L) to (U˜ , α˜) by the isomorphism between (U˜−Φ−1(∆′), α˜|U˜−Φ−1(∆′))
and (U − B,α|U−B). Let Σ be the closed orbit of the Reeb flow of α defined by
Σ = Φ−1(F 0 ∩ F 2). We can obtain A ∩ ∆ from A ∩ ∆′ by cutting off a triangle
A ∩ (∆ − ∆′) containing the vertex A ∩ F 0 ∩ F 2. A contact blowing up along Σ
results the same change of the image of the contact moment maps A ∩ ∆ from
A∩∆′. Hence (M,α) is obtained from (M,α) by performing a contact blowing up
along Σ. 
We give a sufficient condition for a gradient lens space to be blown down to a
closed orbit of the Reeb flow in terms of the cardinality of the isotropy groups of
ρ. Let L1 be a gradient manifold of (M,α) whose closure is a smooth submanifold
N of M . We denote the α-limit set of L1 and the ω-limit set of L1 by Σ0 and Σ1,
respectively. Let L0 be the gradient manifold other than L1 whose closure contains
Σ0 and is smooth near Σ0. Let L2 be the gradient manifold other than L1 whose
closure contains Σ1 and is smooth near Σ1. We put kj = I(Lj , ρ) for j = 0, 1 and
2. For a topological group H , an H-action τ on a set A and a τ -invariant subset B
of A, we denote the cardinality of the kernel of H −→ Aut(B) by I(τ, B).
Lemma 5.5. There exist a K-contact manifold (M˜, α˜) of rank 2 and a closed orbit
Σ of the Reeb flow on (M˜, α˜) such that (M,α) is obtained by the contact blowing
up along Σ from (M˜, α˜) if one of the following holds:
(i) I(ρ, L0) = I(ρ, L1) = 1 and the closure of L2 is equal to Bmax.
(ii) The closure of L0 is equal to Bmin and I(ρ, L
1) = I(ρ, L2) = 1.
Proof. Assume that the condition (i) is satisfied. By Lemma 5.3, it suffices to prove
that the Euler class of the normal bundle of N is a generator of H2(N ;Z). We put
kj = I(ρ, Lj) for j = 0 and 1.
We have an α-preserving T 3-action τ on an open neighborhood of N by Lemma
8.12. A generic orbit of τ in N is diffeomorphic to T 2. Let C be a T 2-orbit of τ
in N . Then by the classification of contact toric 3-manifolds by Lerman [18], C
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divides N into two solid tori. We obtain a Heegaard decomposition of N of genus
1 which is invariant under τ such that C is the boundary of two solid tori. Cutting
the total space E of the normal bundle of N along the union of fibers over C, we
have a τ -invariant decomposition of E defined by
(153) E = (S1 ×D2)0 × R2 ∪A˜ (S1 ×D2)1 × R2
such that τ is written as
(154) t · (ζ, z1, z2) = (lj0(t)ζ, lj1(t)z1, lj2(t)z2)
on (S1×∂D2)j×R2 for every t in T 3 where lj0, lj1 and lj2 are homomorphisms from T 3
to S1 for j = 0 and 1. The attaching map A˜ : (S1×∂D2)0×R2 −→ (S1×∂D2)1×R2
is written as
(155) A˜(ζ, z1, z2) = (ζ
azb1, ζ
czd1 , ζ
e0zf01 z2)
with respect to the standard coordinates. Note that the map A0 : (S
1× ∂D2)0 −→
(S1 × ∂D2)1 defined by
(156) A0(ζ, z1) = (ζ
azb1, ζ
czd1)
is the attaching map of the Heegaard decomposition of N10 of genus 1. The deter-
minant of A0 is −1. Since ρ is a T 2-subaction of τ , ρ is written as
(157) (tj0, tj1) · (ζj , zj1, zj2) = (tsjj0trjj1ζj , tqjj0tpjj1zj1, tujj0 tvjj1zj2)
on (S1 × ∂D2)j × R2 with respect to the standard coordinate for j = 0 and 1.
We put
(158) h0 = det
(
q0 p0
u0 v0
)
, h1 = det
(
q1 p1
u1 v1
)
.
We will show h0 = 0 and h1 = 0. By Lemma 8.30 and k0 = k1 = 1, we have
I(ρ,Σ0) = 1, that is, the isotropy group of ρ at Σ0 is connected. By (245), ρ is
written as
(159) (t′00, t
′
01) · (ζ′0, z′01, z′02) = (t′00ζ′0, t′p
′
0
01 z
′
01, t
′v′0
01 z
′
02)
on an open tubular neighborhood of Σ0 where (ζ′0, z
′
01, z
′
02) is the coordinate on an
open tubular neighborhood of Σ0 defined by
(160)

 ζ0z01
z02

 = ( 1 0
x0 U0
) ζ′0z′01
z′0


for some x0 in Z2 and some U0 in GL(2;Z). By (159), we have
(161) T 0
(
1 0 0
0 p′0 v
′
0
)(
1 0
x0 U0
)
=
(
s0 q0 u0
0 p0 v0
)
for some T 0 in GL(2;Z) which maps (t′00, t
′
01) to (t00, t01). h
0 = 0 follows from
(161).
By (157), Σ1 is written as
(162) (t′10, t
′
11) · (ζ1, z11, z12) = (t′s
′
1
10 ζ1, t
′q′1
10 t
′p′1
11 z11, t
′u′1
10 t
′v′1
11 z12)
for a coordinate (t′10, t
′
11) on T
2 and integers s′1, q
′
1, p
′
1, u
′
1 and v
′
1. Note that t
′
11
generates the identity component of the isotropy group of ρ at Σ1. Then we have
(163) |s1| = I(ρ,Σ1)
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by the definition of I(ρ,Σ1). Since L2 = Bmax, the isotropy group of ρ at Σ
1 fixes
L2. Hence we can assume that p1 = 1 and v1 = 0. Then (162) is written as
(164) (t′10, t
′
11) · (ζ1, z11, z12) = (t′s110 ζ1, t′q
′
1
10 t11z11, t
′u′1
10 z12).
Since the cardinality of the isotropy group of the T 2-action on T 2 defined by
(165) (t0, t1) · (ξ0, ξ1) = (ta110 ta121 ξ0, ta210 ta221 ξ1)
is equal to |a11a22 − a12a21|, we have
(166) k1 = |s1|.
Hence we have |s1| = 1 by the assumption. By |s1| = 1 and (163), the isotropy
group of ρ at Σ1 is connected. By the same argument that proving h0, we can show
h1 = 0.
By Lemma 8.34, we have
(167)
(be− af)k1 = −k2 + ak0 − bh0,
(de− cf)k1 = h1 + ck0 − dh0.
Substituting k0 = h0 = h1 = 0 and k1 = k2 = 1 to (167), we have
(168) be− af = −1, de− cf = 0.
Hence we have ( ef ) =
( −c
−d
)
. Hence f is coprime to b. By (264) and the proof
of Lemma 5.6 below, f modulo b is the Euler class of the normal bundle of N in
M . Hence the proof is completed for the case (i). The proof for the case (ii) is
symmetric. 
5.4. Examples of contact toric manifolds. We present examples of 5-dimensional
contact toric manifolds of rank 2 without a gradient manifold which can be blown
down to a closed orbit of the Reeb flow. Note that 4-dimensional symplectic mani-
folds with hamiltonian S1-actions which are not CP 2, Hirzebruch surfaces or ruled
surfaces always have a gradient two sphere which can be S1-equivariantly blown
down (See [1] and [16]).
We show a lemma to compute the Euler class of the normal bundle of invariant
lens spaces in contact toric manifolds by the normal vectors of the corresponding
good cone: Let (M,α) be a toric 5-dimensional K-contact manifold and ∆ be the
corresponding good cone in Lie(T 3)∗. We identify Lie(T 3)∗ with R3 so that the
kernel of exp: Lie(T 3) −→ T 3 is identified with Z3. We denote the element of
Lie(T 3) whose infinitesimal action is the Reeb vector field of (M,α) by R.
Lemma 5.6. Let P 1, P 2 and P 3 be three faces of ∆ and assume that P 2 is adjacent
to both of P 1 and P 3 in ∆. We denote the primitive normal vector of P i by ni
for i = 1, 2 and 3. Assume that det
(
n1 n2 n3
)
is positive. Let L be the lens
space in M which is the inverse image of the intersection of P 2 and the affine
subspace {v ∈ R3|v(R) = 1} by the contact moment map for the T 3-action. Then
the cardinality c of π1(L) and the Euler class f of the normal bundle of L in M
are given by
(169)
b = det
(
n1 n2 n3
)
f = det
(
n1 n3 l2
)
mod b
where l2 is an element of Z3 which satisfies det ( n3 l2 n2 ) = 1.
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Proof. We denote the normal bundle of L in M by ν. We fix a Heegaard decom-
position of genus 1 of L and compute b and f by T 3-equivariantly trivialising ν on
each solid torus in L. Let Σ12 and Σ23 be the singular S
1 orbits of the T 3-action
which are contained in L where the image of Σij by the contact moment map for
the T 3-action is P i ∩ P j for (i, j) = (1, 2) and (2, 3). Note that
(i) the S1-action generated by n2 is the principal S1-action on ν
(ii) an orbit of the S1-action generated by n1 is bounded by a disk D1 near
Σ12 and
(iii) an orbit of the S1-action generated by n3 is bounded by a disk D2 near
Σ23.
We can take a Heegaard decomposition L = V1∪V2 of L of genus 1 so that Di is the
meridian disk of the solid torus Vi for i = 1 and 2. Then we can trivialize ν equivari-
antly on Vi as follows: Let l
1 be an element of Z3 which satisfies det ( l1 n1 n2 ) = 1.
Let l2 be an element of Z3 which satisfies det ( l2 n2 n3 ) = 1. Then ν|Vi is equivari-
antly isomorphic to (S1×D2)i×R2 where the T 3-action on (S1×D2)i×R2 is the
product of the rotation for i = 1 and 2. Then there exists a tubular neighborhood
U of L inM such that U is diffeomorphic to ((S1×D2)1×R2)∪A ((S1×D2)2×R2)
where the identification A : ((S1 × ∂D2)1 × R2) −→ ((S1 × ∂D2)2 × R2 is written
as
(170) A(ζ, z1, z2) = (ζ
a11za121 z
a13
2 , ζ
a21za221 z
a23
2 , ζ
a31za321 z
a33
2 )
where aij is defined by
(171)

a11 a12 a13a21 a22 a23
a31 a32 a33

 = (l2 n3 n2)−1 (l1 n1 n2) .
Then the cardinality b of π1(L) is the absolute value of a12 and f is equal to a32
mod b. Hence Lemma 5.6 is proved by computing the (1, 2)-th and (3, 2)-th entries
of the right hand side of (171). 
We will construct good cones corresponding to a contact toric manifold without
a gradient manifold which can be blown down to a closed orbit of the Reeb flow by
the method. Note that we treat open cones for simplicity of notation, though the
image of the moment maps are closed cones with nonempty interior.
Let {ni}k+2i=0 be the set of primitive vectors in Z3 and define cones ∆ and ∆′ by
(172) ∆ = {v ∈ R3|ni · v > 0, 0 ≤ i ≤ k + 2}
We put nk+3 = n0. We denote the plane defined by ni by P i for i = 0, 1, · · · , k+3.
We assume that det ( n0 n1 n2 ) > 0.
Lemma 5.7. The set of the faces of ∆ is {∆∩P i}k+2i=0 and the pair (∆∩P i,∆∩P i+1)
is adjacent in ∆ for i satisfying 0 ≤ i ≤ k+2 if and only if det ( ni ni+1 nj ) > 0 for
every i and j satisfying 0 ≤ i ≤ k + 2, 0 ≤ j ≤ k + 2 and j 6= i, i+ 1.
Proof. ni×nj is tangent to P i ∩P j . Hence ∆∩P i and ∆∩P i+1 are two adjacent
faces of ∆ if and only if the following two conditions are true:
(i) ni × ni+1 or −ni × ni+1 is contained in ∆ and
(ii) ni × ni+1 is not contained in the planes defined by nj for any j not equal
to i nor i+ 1.
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Since
(173) ∆ = {v ∈ R3|ni · v ≥ 0, 0 ≤ i ≤ k + 1},
ni × ni+1 and −ni × ni+1 are contained in ∆ if and only if (ni × ni+1) · nj ≥ 0 for
every j and (ni×ni+1)·nj ≤ 0 for every j, respectively. Since (a×b)·c = det ( a b c ),
ni × ni+1 is not contained in the planes defined by nj for any j not equal to i nor
i+ 1 if and only if det ( ni ni+1 nj ) is nonzero for every i and j satisfying j is equal
to neither i nor i+ 1.
We show the “if” part. Assume that det ( ni ni+1 nj ) > 0 for every i and j
satisfying 0 ≤ i ≤ k + 2, 0 ≤ j ≤ k + 2 and j 6= i, i + 1. Then by the argument in
the previous paragraph, ∆∩P i and ∆∩P i+1 are two adjacent faces of ∆ for every
i satisfying 0 ≤ i ≤ k + 2. Since every ni defines a face of ∆ and ni cannot define
two faces of ∆ by the convexity, the set of faces of ∆ is {∆ ∩ P i}k+2i=0 . Hence the
“if” part is proved.
We show the “only if” part. Assume that the set of the faces of ∆ is {∆∩P i}k+2i=0
and the pair (∆ ∩ P i,∆ ∩ P i+1) is adjacent in ∆ for i = 0, 1, · · · , k + 2. By the
argument in the first paragraph of the proof, for each i, we have det ( ni ni+1 nj ) > 0
for every j satisfying j 6= i, i+1 or det ( ni ni+1 nj ) < 0 for every j satisfying j 6= i,
i+ 1. By the assumption det ( n0 n1 n2 ) > 0, we have det ( n0 n1 nj ) > 0 for every j
satisfying j 6= 0, 1. Since we have det ( n1 n2 n0 ) > 0, we have det ( n1 n2 nj ) > 0 for
every j satisfying j 6= 1, 2. Inductively we have det ( ni ni+1 ni−1 ) > 0 for every i.
Hence by the assumption, we have det ( ni ni+1 nj ) > 0 for every i and j satisfying
0 ≤ i ≤ k + 2, 0 ≤ j ≤ k + 2 and j 6= i, i+ 1. 
Lemma 5.8. If {ni}ki=0 satisfies the following conditions:
(i) (n0 × ni)(3) > 0 for every i satisfying 1 ≤ i ≤ k and
(ii) (ni × ni+1)(3) > 0 for every i satisfying 0 ≤ i ≤ k − 1,
then we have (ni × nj)(3) > 0 for every i and j satisfying i < j.
Proof. We show Lemma 5.8 by the induction on k. The case where k = 2 is clear
by the assumption. Assume that Lemma 5.8 is true for k = s− 1. We show
(174) (ni × ns)(3) > 0
for every i < s. Note that (v1 × v2)(3) > 0 if and only if detR2 ( π(v1) π(v2) ) > 0
where π : R3 −→ R2 is the projection defined by π(x1, x2, x3) = (x1, x2). By the
induction hypothesis, we have
(175) det
R2
( π(ni) π(nj) ) = (ni × nj)(3) > 0
for every i and j satisfying i < j < s. By the assumption, we have
(176) det
R2
( π(n0) π(ns) ) = (n0 × ns)(3) > 0.
Hence {π(ni)}si=1 is contained in the half space H = {v ∈ R2| detR2 ( π(n0) v ) > 0}.
Consider linear functions fi on R
2 defined by fi(v) = detR2 ( v π(ni) ). Let g1, g2
be linear functions on R2. Note that for any vectors v1, v2 and v3 in H , if we
have g1(v
1) < 0, g1(v
2) = 0, g1(v
3) > 0 and g2(v
1) > 0, g2(v
3) > 0, then we have
g2(v
2) > 0. Since we have fi(v
0) > 0, fi(v
i) = 0, fi(v
s−1) > 0 and fs(v0) > 0,
fs(v
s−1) > 0, we have fs(vi) > 0. Hence the proof of (174) is completed. 
Lemma 5.9. If {ni}k+1i=0 satisfies the following conditions:
(i) (n0 × ni)(3) > 0 for every i satisfying 1 ≤ i ≤ k + 1,
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(ii) (ni × ni+1)(3) > 0 for every i satisfying 0 ≤ i ≤ k and
(iii) det ( ni ni+1 ni+2 ) > 0 for every i satisfying 0 ≤ i ≤ k − 1,
then we have
(i) (ni × nj)(3) > 0 for every i < j and
(ii) det ( nh ni nj ) > 0 for every h < i < j.
Proof. (i) follows from Lemma 5.8. We show (ii) by the induction on k. The case
where k = 2 is clear by the assumption det ( n0 n1 n2 ) > 0. Assume that Lemma
5.8 is true for k = s− 1. It suffices to show
(177) det ( nh ni ns ) > 0
for every h and i satisfying h < i < s to complete the induction.
We show
(178) det ( n0 ni ns ) > 0.
for 1 ≤ i ≤ s− 1 by the induction on i. We consider the case where i = s− 1. Note
that 1n0×ns−1(3)n
0 × ns−1, 1ns−2×ns−1(3)ns−2 × ns−1 and 1ns−1×ns(3)ns−1 × ns are
contained in the 1-dimensional affine space H = {v ∈ R3|v(3) = 1, ns−1 · v = 0}.
For linear functions g′1 and g
′
2 on R
3 and vectors v1, v2 and v3 in H , if we have
g′1(v
1) < 0, g′1(v
2) = 0, g′1(v
3) > 0 and g′2(v
1) = 0, g′2(v
2) > 0, then we have
g′2(v
3) > 0. Let f i be the linear function on R3 defined by f i(v) = ni · v. By (i),
n0×ns−1(3), ns−2×ns−1(3) and ns−1×ns(3) are positive. Hence by the assumption,
we have f s−2( 1n0×ns−1(3)n
0 × ns−1) < 0, f s−2( 1ns−2×ns−1(3)ns−2 × ns−1) = 0 and
f s−2( 1ns−1×ns(3)n
s−1×ns) > 0, f0( 1n0×ns−1(3)n0×ns−1) = 0, f0( 1ns−2×ns−1(3)ns−2×
ns−1) > 0, we have f0( 1ns−2×ns−1(3)n
s−2 × ns−1) > 0. Since ns−2 × ns−1(3) > 0,
we have (178) for i = s− 1.
Assume that (178) is true for i = t. We consider the case of i = t − 1. Note
that 1n0×nt−1(3)n
0×nt−1, 1n0×nt(3)n0×nt and 1n0×ns(3)n0×ns are contained in the
1-dimensional affine space H = {v ∈ R3|v(3) = 1, n0 · v = 0}. For linear functions
g′1 and g
′
2 on R
3 and vectors v1, v2 and v3 in H , if we have g′1(v
1) > 0, g′1(v
2) = 0,
g′1(v
3) < 0 and g′2(v
1) = 0, g′2(v
2) < 0, then we have g′2(v
3) < 0. By (i), n0×nt(3),
nt−1 × nt(3) and nt × ns(3) are positive. By the assumption and the induction
hypothesis, we have f t( 1n0×nt−1(3)n
0 × nt−1) > 0, f t( 1n0×nt(3)n0 × nt) = 0 and
f t−1( 1n0×ns(3)n
0×ns) < 0 and f t( 1n0×nt−1(3)n0×nt−1) = 0, f t( 1n0×nt(3)n0×nt) < 0.
Hence we have f t( 1n0×ns(3)n
0 × ns) < 0. Since n0 × ns(3) > 0, we have (178) for
i = t. Hence (178) is true for 1 ≤ i ≤ s− 1.
We change the coordinate of R3 by a matrix A in SL(3;Z) so that Ans =
(
0
0
1
)
.
Then {Ani}si=0 satisfies the assumptions of Lemma 5.8 by (178) and the assumption
(iii). Hence we have
(179) det (Anh Ani Ans ) = (Anh ×Ani)(3) > 0
for every h and i satisfying h < i < s by Lemma 5.8. The proof is completed. 
Lemma 5.10. Let {ni}k+1i=0 be a set of primitive vectors in Z3 which satisfies
det ( ni ni+1 nj ) > 0 for every i and j satisfying 0 ≤ i ≤ k, 0 ≤ j ≤ k + 1 and
j 6= i, i+ 1. Then there exists a vector nk+2 in Z3 such that
(i) det ( nk+1 nk+2 nj ) > 0 for 0 ≤ j ≤ k and det ( nk+2 n0 nj ) > 0 for 1 ≤ j ≤
k + 1 and
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(ii) There exist vectors l and l′ in Z3 such that det ( nk+1 nk+2 l ) = 1 and
det ( nk+2 n0 l′ ) = 1.
Proof. Let v0 be a primitive normal vector of the plane spanned by n0 and nk such
that det ( n0 nk v0 ) > 0. We show that any vector nk+2 in Z3 satisfying v0 ·nk+2 = 1
satisfies the condition (ii). We can assume that v0 =
(
0
1
0
)
. Then we can put
ni =
(
ai
0
bi
)
and nk+2 =
(
x
1
z
)
where (ai, bi) are coprime integers for i = 0 and k+1.
If we take integers ci and di so that aidi−bici = 1 for i = 0, k+1 and put l =
(
c0
0
d0
)
and l′ =
(
−ck+1
0
−dk+1
)
, we have det ( nk+1 nk+2 l ) = 1 and det ( nk+2 n0 l′ ) = 1.
We show that there exists a vector nk+2 in Z3 satisfying v0 · nk+2 = 1 and the
condition (i). We define cones Θ and Θ′ in R3 by
(180)
Θ = {v ∈ R3| det ( nk+1 v nj ) > 0, 0 ≤ j ≤ k, det ( v n0 nj ) > 0, 1 ≤ j ≤ k + 1}.
and
(181) Θ′ = {v ∈ R3| det ( nk+1 v nj ) > 0, 1 ≤ j ≤ k, det ( v n0 nj ) > 0, 1 ≤ j ≤ k}.
To show the existence of a vector nk+2 satisfying v0 · nk+2 = 1 and the condition
(i), it suffices to show that {n ∈ Z3|v0 · n = 1} ∩ Θ is not empty. To show that
{n ∈ Z3|v0 ·n = 1}∩Θ is not empty, it suffices to show that {n ∈ Z3|v0 ·n = 1}∩Θ′
is not empty, since {n ∈ Z3|v0 · n = 1} ∩Θ′ is a subset of {n ∈ Z3|v0 · n = 1} ∩Θ.
We show that if {n ∈ Z3|v0 ·n = 0}∩Θ′ is not empty, then {n ∈ Z3|v0 ·n = 1}∩Θ′
is not empty. We assume that {n ∈ Z3|v0 · n = 0} ∩ Θ′ is not empty. Then there
exists a sequence of vectors {wl}l∈N in {n ∈ Z3|v0 · n = 0} ∩Θ′ such that the ball
centered at wl of radius l is contained in Θ′, since {n ∈ Z3|v0 · n = 0} ∩ Θ′ is an
open cone in {n ∈ Z3|v0 · n = 0}. We take a vector u in Z3 such that v0 · u = 1.
We take a positive integer i0 so that i0 >
√
u · u. Then wi0 + u is an element of
{n ∈ Z3|v0 · n = 1} ∩Θ′. Hence {n ∈ Z3|v0 · n = 1} ∩Θ′ is not empty.
Since {n ∈ Z3|v0 · n = 0} ∩ Θ′ contains n0 + nk+1, {n ∈ Z3|v0 · n = 0} ∩ Θ′ is
not empty. The proof of Lemma 5.10 is completed. 
Proposition 5.11. For an arbitrarily positive integer k greater than 1, there exists
a 5-dimensional contact toric manifold with a K-contact form of rank 2 and a
nontrivial chain C of length k such that we cannot perform a contact blowing down
along any lens space in C to a closed orbit of the Reeb flow.
Proof. It suffices to construct a cone ∆ defined by normal vectors {ni}k+2i=0 which
satisfies the following conditions:
(i) (n0 × ni)(3) > 0 for 1 ≤ i ≤ k + 1,
(ii) (ni × ni+1)(3) > 0 for 0 ≤ i ≤ k,
(iii) det ( ni ni+1 ni+2 ) > 0 for 0 ≤ i ≤ k − 1,
(iv) det ( nk+1 nk+2 nj ) > 0 for 0 ≤ j ≤ k and det ( nk+2 n0 nj ) > 0 for 1 ≤ j ≤
k + 1,
(v) there exists a vector li in Z3 such that det ( ni ni+1 li ) = 1 for 0 ≤ i ≤ k+2
where nk+3 = n0,
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(vi) If we put
(182)
(
ni+2 li+1 ni+1
)
=
(
ni li ni+1
)ai bi 0ci di 0
ei fi 1

 ,
then ei and ci is not coprime for 1 ≤ i ≤ k − 2.
In fact, the conditions (i), (ii), (iii) and (iv) imply that det ( ni ni+1 nj ) > 0 for every
i and j satisfying 0 ≤ i ≤ k+2, 0 ≤ j ≤ k+2 and j 6= i, i+1 by Lemma 5.8. Hence
by Lemma 5.7, the set of the faces of ∆ is {∆∩P i}k+2i=0 and the pair (∆∩P i,∆∩P i+1)
is adjacent in ∆ for i = 0, 1, · · · , k+ 2. The condition (iv) implies that ∆ is good.
Hence we obtain a contact toric manifold (M, ξ) such that the image of the moment
map of the symplectization is ∆ by the Delzant type construction of Boyer-Galicki
[8]. If we define the affine space A by A = {v ∈ R3|(n0 +√2nk+1) · v = 1}, then
A determines a Reeb vector field on (M, ξ) and hence a K-contact form α. The
rank of (M,α) is 2 (See 2.2.2). The condition (v) implies that we cannot perform
a contact blowing down along any lens space in M which is the inverse image of
∆ ∩ P i for i = 1, 2, · · · , k by Lemma 5.3 and 5.6. Hence the proof of Proposition
5.11 is completed.
First, we construct {ni}k+1i=0 which satisfies the conditions (i), (ii), (iii), (v) and
(vi). We put
(183) n0 =

10
1

 , n1 =

11
1

 , l0 =

00
1

 .
Then the conditions (i), (ii) and (v) are satisfied for n0 and n1. Then conditions
(iii) and (vi) are trivially satisfied for n0 and n1. Assume that we have {ni}si=0 for
s < k + 1 so that
(i) (n0 × ni)(3) > 0 for 1 ≤ i ≤ s,
(ii) (ni × ni+1)(3) > 0 for 0 ≤ i ≤ s− 1,
(iii) det ( ni ni+1 ni+2 ) > 0 for 0 ≤ i ≤ s− 2,
(iv) there exists a vector li in Z3 such that det ( ni ni+1 li ) = 1 for 0 ≤ i ≤ s−1,
(v) If we put
(184)
(
ni+2 li+1 ni+1
)
=
(
ni li ni+1
)ai bi 0ci di 0
ei fi 1

 ,
then ei and ci is not coprime for 0 ≤ i ≤ s− 2.
We show that we can take ns+1 and ls+1 so that {ni}s+1i=0 satisfies the conditions
(i), (ii), (iii), (v) and (vi). We put ns+1 = ans−1+cls−1+ens. Then the conditions
(i), (ii), (iii) for {ni}s+1i=0 are satisfied if
(i) a(n0 × ns−1)(3) + c(n0 × ls−1)(3) + e(n0 × ns)(3) > 0,
(ii) a(ns × ns−1)(3) + c(ns × ls−1)(3) > 0 and
(iii) c > 0.
If a and c are coprime and c and e are not coprime, we can take integers b, d and
f and a vector ls so that the equation
(185)
(
ns+1 ls ns
)
=
(
ns−1 ls−1 ns
)a b 0c d 0
e f 1


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and conditions (v), (vi) are satisfied. We can take such a, c and e as follows: We
put c = 2. We take a negative odd number a of sufficiently large absolute value so
that a(ns × ns−1)(3) + c(ns × ls−1)(3) > 0 is satisfied. Note that (ns × ns−1)(3) is
negative by the induction hypothesis. We take a positive even number e sufficiently
large so that a(n0 × ns−1)(3) + c(n0 × ls−1)(3) + e(n0 × ns)(3) > 0 is satisfied.
Note that (n0 × ns)(3) is positive by the induction hypothesis. Hence we can take
{ni}k+1i=0 so that the conditions (i), (ii), (iii), (v) and (vi) are satisfied.
By Lemma 5.10, we can take nk+2 so that
(i) det ( nk+1 nk+2 nj ) > 0 for every j not equal to k+1, k+2 and det ( nk+2 n0 nj ) >
0 for every j not equal to 0, k + 2,
(ii) There exist vectors l and l′ in Z3 such that det ( nk nk+1 l ) = 1 and
det ( nk+1 n0 l′ ) = 1.
Then {ni}k+2i=0 satisfies the conditions (i), (ii), (iii), (iv), (v) and (vi). 
Example 5.12. We put ni =

 1i
i2 − i+ 1

 for 0 ≤ i ≤ k + 1 and put nk+2 =

 11
k + 2

. Let ∆ be the good cone defined by the normal vectors {ni}k+2i=0 . We put
A = {v ∈ R3|(n0 + √2nk+1) · v = 1}. Let (M,α) be the K-contact manifold of
rank 2 determined by ∆ and A. Then we cannot perform the contact blowing down
along the K-contact lens space in (M,α) defined by the inverse image of a face of
∆ by the contact moment map to a closed orbit of the Reeb flow. The K-contact
lens space in (M,α) defined by the inverse images of the face defined by ni of ∆ by
the contact moment map is diffeomorphic to RP 3 and has a trivial normal bundle
in M for 1 ≤ i ≤ k.
6. Classification up to contact blowing up and down
We show Theorem 1.3 which gives the classification of 5-dimensional K-contact
manifolds of rank 2 up to finite times of contact blowing up and down. Theorem
1.3 is shown by using Proposition 6.4, Lemma 6.6 and Lemma 6.11 at the end of
this section.
6.1. Germs of chains. We define germs of chains, which are of combinatorial
nature and used for the classification of 5-dimensional K-contact manifolds of rank
2.
Definition 6.1. (Germs of chains) A germ of a chain is an equivalence class of
connected open neighborhoods of chains in 5-dimensional K-contact manifolds of
rank 2: An open neighborhood U1 of a chain C1 in a 5-dimensional K-contact
manifold (N1, α1) is defined to be equivalent to an open neighborhood U2 of a chain
C2 in a 5-dimensional K-contact manifold (N2, α2) if there exists an open neighbor-
hood V1 of C1 in U1 and an open neighborhood V2 of C2 in U2 such that (V1, α1|V1)
is isomorphic to (V2, α2|V2) as K-contact manifolds.
A germ of a chain is defined to be trivial if it is the germ of a trivial chain.
Note that the germ of a chain C is determined by combinatorial data of C and
every germ of chains can be embedded in a contact toric manifold by the normal
form theorem (See Lemma 8.37 and 8.13).
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We define the contact blowing up and down for germs of chains.
Definition 6.2. (Contact blowing up and down for germs of chains) A germ of a
chain C is obtained by a contact blowing up from a germ of a chain C if C and C
can be embedded in K-contact manifolds (N, β) and (N, β) as chains, respectively,
and (N, β) is obtained from (N, β) by a contact blowing up along a closed orbit of
the Reeb flow in C. Contact blowing down is defined to be the inverse operation of
the contact blowing up.
We define the fiber sum, which is a construction to obtain a K-contact manifold
from germs of chains and a lens space bundle.
Definition 6.3. (Fiber sums) Let E be a lens space bundle over a closed surface
S with a K-contact structure of rank 2 whose fibers are K-contact submanifolds of
rank 2. Let {Ci}mi=1 be germs of chains. Assume that
(i) Ci has the minimal component and the maximal component of dimension
3 for each i = 1, 2, · · · , m and
(ii) fibers of E and general fibers of Ci are isomorphic as K-contact manifolds.
Choose m points {xi}mi=1 on S and let F i be the fiber of E over xi for 1 ≤ i ≤ m.
Then we can attach germs of chains ⊔mi=1Ci to E − (∪mi=1F i) and obtain a K-
contact manifold N of rank 2. We call N the fiber sum of a lens space bundle E
with {Ci}mi=1.
Note that lens spaces with a K-contact structure of rank 2 are classified by
the maximal and minimal values of the contact moment map and the element
corresponding to the Reeb vector field in the Lie algebra of the closure of the
Reeb flow in the isometry group by the classification of 3-dimensional contact toric
manifolds by Lerman [18].
6.2. Contact blowing up to obtain fiber sums. We show the following Propo-
sition which is used to show Theorem 1.3.
Proposition 6.4. Let (M,α) be a closed 5-dimensional K-contact manifold of rank
2.
(i) If (dimBmin, dimBmax) = (1, 1), (M,α) is isomorphic to the fiber sum of
a lens space bundle over a closed surface with k germs of chains for some
k after performing contact blowing up along a closed orbit of the Reeb flow
twice.
(ii) If (dimBmin, dimBmax) = (1, 3) or (3, 1), (M,α) is isomorphic to the fiber
sum of a lens space bundle over a closed surface with k germs of chains
for some k after performing contact blowing up along a closed orbit of the
Reeb flow once.
Proposition 6.4 is a consequence of the following Lemmas 6.5 and 6.6. Let (M,α)
be a closed 5-dimensional K-contact manifold of rank 2. We denote by ρ the T 2-
action associated with α. We put Φ = α(X) where X is an infinitesimal action of
ρ which is not parallel to R. The minimal component and the maximal component
of Φ are denoted by Bmin and Bmax. Note that Bmin and Bmax are of dimension 1
or 3 by Lemma 3.3.
Lemma 6.5. G If Bmin is of dimension 1, then we can perform a contact blowing
up along Bmin so that the new minimal component of the contact moment map is
of dimension 3.
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Proof. We show Lemma 6.5 in the case where the isotropy group of ρ at Bmin is
connected. General cases are reduced to this case by taking a finite covering of
a neighborhood of Bmin by Lemma 8.23. By the argument in Subsection 8.3.2,
we have a tubular neighborhood V of Bmin such that (V, α|V ) is isomorphic to
(S1 ×D4ǫ , α0) defined as follows:
α0 is defined by
(186)
α0 =
1− λ1(m1|z1|2 +m2|z2|2)
λ0
dζ +
√−1
2
(z1dz1 − z1dz1) +
√−1
2
(z2dz2 − z2dz2)
for a pair of coprime integers (m1,m2) and a pair of real numbers (λ0, λ1) which
are linearly independent over Q. The T 2-action ρ0 associated with α0 is written as
(187) (t0, t1) · (ζ, z1, z2) = (t0ζ, tm11 z1, tm21 z2)
and the S1-subaction of {(1, t1)|t1 ∈ S1} is the isotropic action of ρ at Bmin. Note
that m1 and m2 are nonzero, since Bmin is of dimension 1.
We perform a contact blowing up by cutting S1 × D4ǫ at U = {(ζ, z1, z2) ∈
S1 ×D4ǫ |r1|z1|2 + r2|z2|2 = 1} for positive numbers r1 and r2 greater than ǫ−2. To
perform a contact blowing up along Bmin to obtain a new minimal component of
dimension 3, it suffices to take real numbers r1 and r2 which satisfy the following
conditions: There exists a real number N0 such that
(i) N0
(
λ0
λ1m1−r1
λ1m2−r2
)
is a vector in Z3 so that the vector field X defined by the
equation (145) generates an S1-action σ on U ,
(ii) GCD(N0λ0, N0(λ1m1 − r1)) = 1,GCD(N0λ0, N0(λ1m2 − r2)) = 1 are sat-
isfied so that the S1-action σ on U generated by X is free and
(iii) N0(λ1m1−r1)m2−N0(λ1m2−r2)m1 = 0 is satisfied so that σ is a subaction
of ρ and hence the new minimal component of the contact moment map
is of dimension 3.
Note that the equation in the condition (iii) means ρ degenerates to an S1-action
on the lens space U/σ so that U/σ becomes a new minimal component.
We show that for any ǫ there exist r1 and r2 which are greater than ǫ
−2 and
satisfy the above conditions. We put r1 = lm1 and r2 = lm2 where l is a real
number. Then the condition (iii) is satisfied.
(
λ0
λ1m1−r1
λ1m2−r2
)
is tangent to
(
1
λ1−l
λ0
m1
λ1−l
λ0
m2
)
.
Hence the conditions (i) and (ii) are satisfied, if we can choose l so that λ1−lλ0 is a
rational number uv for coprime integers u, v and GCD(v,m1) = GCD(v,m2) = 1.
It is possible to choose l so that GCD(v,m1) = GCD(v,m2) = 1 and r1, r2 are
greater than ǫ−2 for any ǫ. Then r1 = lm1 and r2 = lm2 satisfy the conditions (i),
(ii) and (iii). 
Lemma 6.6. If both of Bmin and Bmax are of dimension 3, then (M,α) is iso-
morphic to the fiber sum of a lens space bundle over a closed surface with a finite
number of germs of chains.
Proof. Let C1, C2, · · · , Cm be nontrivial chains of (M,α). By Lemma 8.41, there
exists a metric gs compatible with α on open neighborhoods of Bs respectively such
that the gradient flow of Φ with respect to gs is conjugate to an R-subaction of the
C×-action on the normal bundles of Bs defined by a linear complex structure for
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s = min and max, respectively. We fix a metric g on M compatible with α so that
the restriction of g on an open neighborhood of Bs coincides with gs for s = min
and max, respectively.
We show that closures of gradient manifolds with respect to g are leaves of a
smooth foliation F ofM−⊔mi=1Ci. Since gradient manifolds are orbits of an effective
(R×T 2)-action onM−⊔mi=1Ci−Bmax−Bmin, they are leaves of a smooth foliation
on M − ⊔mi=1Ci − Bmax − Bmin. Near Bs, the closures of gradient manifolds are
mapped to fibers of the normal bundle of Bs by the construction of g for s = min
and max, respectively. Hence closures of gradient manifolds with respect to g define
a smooth foliation on M − ⊔mi=1Ci.
We show that closures of gradient manifolds with respect to g are fibers of a
proper submersion. It suffices to show that the foliation F defined by closures of
gradient manifolds has no nontrivial holonomy. Let F be a leaf of F and fix a
point x0 on F . By Lerman’s classification, F is diffeomorphic to a lens space and
the generator of π1(F, x0) is an orbit of an S
1-subaction of ρ. Since the isotropy
group of ρ at F is trivial, F has no nontrivial holonomy. Hence F has no nontrivial
holonomy.
The closure of each gradient manifold is a 3-dimensional K-contact submanifold
of rank 2 by Lemmas 3.3 and 3.6. 3-dimensional toric K-contact manifolds are
classified by the element in Lie(T 2) corresponding to the Reeb vector field, the
maximal value and the minimal value of the contact moment map by Lerman [18].
Hence they are isomorphic to each other.
We obtain a lens space bundle E over a closed manifold with a K-contact form
by replacing ⊔mi=1Ci to trivial germs of chains. Then (M,α) is isomorphic to a fiber
sum of E with ⊔mi=1Ci. 
6.3. Contact blowing down in contact toric manifolds. We defined contact
blowing up and down using local T 3-actions in the previous section. The compu-
tation is simpler, if we have global T 3-actions. We show a combinatorial lemma
by using Dirichlet prime number theorem and apply it to perform contact blowing
down for germs of chains for the proof of Theorem 1.3.
We denote the standard inner product on R3 by ·. We identify R3 with the dual
of R3 by the inner product.
Lemma 6.7. Let x =
(
x1
x2
x3
)
and y =
( y1
y2
y3
)
be primitive vectors in Z3. Assume
that there exists a primitive vector z in Z3 which satisfies det ( x y z ) = 1. Let Θ be
a nonempty cone in R3 defined by
(188) Θ = {v ∈ R3|n1 · v > 0, n2 · v > 0, n3 · v < 0}
for primitive vectors n1, n2, n3 in Z3 defined by
(189) n1 = x× y, n2 = y ×
(
0
0
1
)
, n3 = x×
(
0
0
1
)
.
Assume that y1x3−x1y3 and y1x2−x1y2 are nonzero. Then there exists an element
t =
( t1
t2
t3
)
of Θ ∩ Z3 such that
(a): there exists a primitive vector u in Z3 such that det ( x t u ) = 1,
(b): GCD(t1, t2) = 1 and GCD(t1, t3) = 1 are satisfied.
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Proof. We put t = s1x+ s2y + s3z for integers s1, s2 and s3. We have
(190)
t · n1 = s3z · (x × y) = s3,
t · n2 = s1x · (y ×
(
0
0
1
)
) + s3z · (y ×
(
0
0
1
)
),
t · n3 = s2y · (x×
(
0
0
1
)
) + s3z · (x×
(
0
0
1
)
).
Note that x · (y ×
(
0
0
1
)
) = y1x2 − x1y2. We define ǫ = 1 if y1x2 − x1y2 is positive
and ǫ = −1 if y1x2 − x1y2 is negative. t is an element of Θ if s3 = 1 and ǫs1 and
ǫs2 are sufficiently large.
We translate the condition (a) in terms of s1, s2 and s3. Define the matrix A
by A = ( x y z ). Then t satisfies the condition (a) if and only if there exists a
primitive vector u′ in Z3 such that det (A−1x A−1t u′ ) = 1. Since A−1x =
(
1
0
0
)
and
A−1t =
( s1
s2
s3
)
, the latter condition is equivalent to GCD(s2, s3) = 1.
Hence t = s1x + s2y + z satisfies the conditions if ǫs1 and ǫs2 are sufficiently
large and GCD(t1, t2) = 1 and GCD(t1, t3) = 1.
We take positive integers s01 and s
0
2 so that s
0
1x1 + s
0
2y1 is coprime to z1. By the
assumption, y1x2− x1y2 and y1x3− x1y3 are nonzero. Hence we have a sufficiently
large positive integer c such that c(ǫs01x1 + ǫs
0
2y1) + z1 is equal to a prime number
q which is coprime to y1x2 − x1y2 and y1x3 − x1y3 by the Dirichlet prime number
theorem. Then one of
(191)
(
s1
s2
s3
)
=
(
cǫs01
cǫs02
1
)
,
(
cǫs01−y1
cǫs02+x1
1
)
,
(
cǫs01−2y1
cǫs02+2x1
1
)
satisfies the required conditions. 
Definition 6.8. (Delzant conditions and good cones) We say two primitive vectors
n1 and n2 in Z3 satisfy the Delzant condition if there exists a vector v in Z3 such
that det ( n1 n2 v ) = 1. We say two planes defined by primitive normal vectors
n1 and n2 in Z3 satisfy the Delzant condition if n1 and n2 satisfy the Delzant
condition. A closed cone ∆ in R3 with nonempty interior is a good cone if every
pair of adjacent planes of ∆ satisfies the Delzant condition (See [18]).
We obtain the following by Lemma 6.7:
Lemma 6.9. Let P 0, P 1, P 2 and P 3 be planes in R3 defined by primitive normal
vectors n0, n1, n2 and n3 in Z3 respectively. Assume that P 0 ∩∆, P 1 ∩∆, P 2 ∩∆
and P 3∩∆ are four faces of a good cone ∆ so that P i∩∆ and P i+1∩∆ are adjacent
in ∆ for i = 0, 1 and 2. Let Θ be a cone in R3 defined by
(192) Θ = {v ∈ R3|(n0 × n1) · v > 0, (n1 × n2) · v > 0, (n0 × n2) · v < 0}.
Then we have a plane Q defined by a primitive normal vector t in Θ∩Z3 such that
(Q,P 0), (Q,P 2) and (Q,P 3) satisfy the Delzant condition.
Proof. Note that two primitive vectors v1 and v2 satisfy the Delzant condition
if and only if there exists an element A of SL(3;Z) such that Av1 =
(
0
1
0
)
and
Av2 =
(
0
0
1
)
. Hence we can assume that n2 =
(
0
0
1
)
and n3 =
(
0
1
0
)
. Note that we
have (An0 ×An1) · Av = det (An0 An1 Av ) = det ( n0 n1 v ) = (n0 × n1) · v.
We put x = n0, y = n1. We show that the assumptions of Lemma 6.7 are
satisfied. x and y satisfies the Delzant condition by the assumption. We have
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y1x3 − x1y3 = (n0 × n1) · n3 and y1x2 − x1y2 = −(n0 × n1) · n2. n0 × n1 is a
vector contained in ∆. Among the vectors in ∆, the point v satisfying the equation
v ·ni = 0 is contained in the face defined by ni by the convexity of ∆. Since n0×n1
is not contained in the face defined by n2 nor n3, y1x3 − x1y3 and y1x2 − x1y2 are
nonzero. Hence the assumptions of Lemma 6.7 are satisfied.
Hence there exists a vector t =
( t1
t2
t3
)
in Θ ∩ Z3 which satisfies GCD(t1, t2) = 1,
GCD(t1, t3) = 1 and the Delzant condition with n
1. Then the plane Q defined by
t satisfies the Delzant condition with P 0, P 2 and P 3. 
We deduce a useful lemma from Lemma 6.9 to perform contact blowing down
for germs of chains.
For an open cone ∆, let ∆ be its closure. Let k be an integer greater than 2.
Let ∆ be a good cone defined by primitive normal vectors {ni}ki=0 in Z3. We put
nk+1 = n0. The plane defined by ni is denoted by P i for 0 ≤ i ≤ k+1. We assume
that the faces P i ∩∆ and P i+1 ∩∆ are adjacent for 0 ≤ i ≤ k. Let ∆1 be the cone
defined by {n0} ∪ {ni}ki=k′ for an integer k′ greater than 1.
Lemma 6.10. There exists a plane Q defined by a primitive normal vector l in Z3
which satisfies the following:
(i) Q intersects ∆1 and does not intersect ∆.
(ii) (Q,P 0) and (Q,P k) satisfy the Delzant condition.
(iii) Let ∆2 be the good cone defined by {n0} ∪ {l} ∪ {ni}ki=k′ . Then the con-
tact toric manifold corresponding to ∆2 is obtained from the contact toric
manifold corresponding to ∆ by a finite sequence of contact blowing down.
Proof. We show the case where k′ = 2. If k′ = 2, our claim directly follows from
Lemma 6.9. In fact, we apply Lemma 6.9 by substituting P 0, P 1 and P 2 to P 0, P 1
and P 2 in Lemma 6.10, we have a plane Q which satisfies the conditions (i) and (ii).
Note that we can ignore P 3. By the Delzant type construction of Boyer-Galicki
[8], we have contact toric manifolds (M, ξ) and (M2, ξ2) such that the images of
the symplectic moment maps of the symplectizations of (M, ξ) and (M2, ξ2) are ∆
and ∆2 respectively. ∆2 is obtained from ∆ by attaching a rectangle which is an
open neighborhood of ∆2 ∩Q in ∆2. We can perform a contact blowing down for
(M, ξ) along the lens space which is the inverse image of ∆ ∩ P 1 by the contact
moment map of (M, ξ) so that the image of the contact moment map change from
∆ to ∆2. Then the contact toric manifold obtained after the contact blowing up is
isomorphic to (M2, ξ2) by a result of Lerman [18], since the images of the contact
moment maps are the same and convex. Hence (M2, ξ2) is obtained from (M, ξ) by
a contact blowing up. Q satisfies the condition (iii).
Assume that Lemma 6.10 is true for the case of k′ = s− 1. We consider the case
of k′ = s. Applying Lemma 6.9, we can take a plane Q1 defined by a primitive
vector l in Z3 such that
(i) l is contained in the cone Θ = {v ∈ R3|(n0 × n1) · l > 0, (n1 × n2) · l >
0, (n0 × n2) · l < 0} and
(ii) l satisfies the Delzant condition with n0, n2 and n3 respectively.
Then we have
(i) Q1 intersects ∆1,
(ii) Q1 does not intersect ∆ and
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∆
P 3
P 2
P 1
P 0
Q1
∆
P 3
P 2
P 1
P 0
Q1
∆
P 3
P 2
P 1
P 0
Q1
Figure 6. Contact blowing down.
(iii) Q1 intersects P 0, P 2 and P 3 as in the left picture in Figure 6 satisfying
the Delzant condition with P 0, P 2 and P 3 respectively.
Let ∆3 be the cone defined by normal vectors {n0} ∪ {l} ∪ {ni}ki=2. Let ∆4
be the cone defined by normal vectors {n0} ∪ {l} ∪ {ni}ki=3. By the Delzant type
construction of Boyer-Galicki [8], we have contact toric manifolds (M, ξ), (M2, ξ2),
(M3, ξ3) and (M4, ξ4) such that the images of the symplectic moment maps of the
symplectizations of (M, ξ), (M2, ξ2), (M3, ξ3) and (M4, ξ4) are ∆, ∆2, ∆3 and ∆4
respectively. As in the case where k = 2, we can show that (M, ξ) is obtained
from (M3, ξ3) by a contact blowing up. Similarly (M3, ξ3) is obtained from (M4, ξ4)
by a contact blowing up. By the induction hypothesis, (M4, ξ4) is obtained from
(M2, ξ2) by a finite sequence of contact blowing down. Hence (M2, ξ2) is obtained
from (M, ξ) by a finite sequence of contact blowing down. Hence the proof of
Lemma 6.10 is completed. 
We remark on realization of contact blowing up and down for germs of chains in
K-contact manifolds. We must be careful on realization of desired contact blowing
up on a germ of a chain of (M,α) in M . It is because we need a large open
neighborhood coordinate of closed orbits of the Reeb flow or lens spaces in M
where the toric contact form is in the normal form, which contains the necessary
hypersurface. On the contrary, we can realize any desired contact blowing down in
M .
6.4. Proof of the classification Theorem 1.3. We show Theorem 1.3 as a corol-
lary of Proposition 6.4 and Lemma 6.11.
Lemma 6.11. Let C be a germ of a chain. Assume that the maximal component
and the minimal component of C are of dimension 3. Then we have
(i) C can be realized as a nontrivial chain in a closed 5-dimensional K-contact
toric manifold of rank 2.
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(ii) C is isomorphic to a germ of a chain with one gradient manifold by a finite
sequence of contact blowing down.
(iii) Assume that C has only one gradient manifold L. Then we can perform
contact blowing down along L to obtain a trivial germ of a chain.
Proof. We show (i). By the assumption, the closure of every gradient manifold
in C is a smooth submanifold by Lemma 3.6. Let α be the contact form defined
near the chain of C. By Lemma 8.13, there exists an open neighborhood U of the
chain and an α-preserving T 3-action τ on U . Then we have a contact moment
map Φα for τ from U to Lie(T
3)∗. Let A be the plane {v ∈ Lie(T 3)∗|v(R) = 1}
in Lie(T 3)∗ where R is the element of Lie(T 3) whose infinitesimal action is the
Reeb vector field of α. The image of Φα is contained in A. Let Pmax and Pmin
be two planes in Lie(T 3)∗ such that the germs of the maximal component and the
minimal component of C are the inverse images of Pmin ∩ A and Pmax ∩ A by Φα
respectively. Let {P i}mi=1 be the planes in Lie(T 3)∗ such that the inverse images of
P 1∩A,P 2∩A, · · · , Pm∩A of Φα are the gradient manifolds in C. By Lemma 5.10,
we have a plane Q in Lie(T 3)∗ such that Q intersects Pmax and Pmin satisfying the
Delzant condition and does not intersect ∪mi=1P i ∩ A. Since we have a good cone
with faces {Pmin, Pmax, Q}∪{P i}mi=1 defining a closed contact toric manifold by the
Delzant type construction theorem of Boyer-Galicki [8].
(ii) is shown by applying Lemma 6.10 to the set of planes {Pmin, Pmax}∪{P i}mi=1
where {P 0, P 1, · · · , P k−1, P k} in Lemma 6.10 reads as {Pmin, P 1, · · · , P k−1, Pmax}.
We prove (iii). Let G be the closure of the Reeb flow in the isometry group for a
compatible metric and ρ be the G-action associated with α. It suffices to show that
we can perform contact blowing down along L so that the isotropy group of ρ at
the unique gradient manifold of C becomes trivial. We compute the cardinality of
the isotropy group of the gradient manifolds which we obtain after contact blowing
down. We identify Lie(T 3) with R3. Let v0 be a primitive normal vector defining
Lie(G).
Let Q be the plane in Lie(T 3)∗ defined by a primitive normal vector l. Let LQ be
the lens space obtained by performing contact blowing down for C along L by the
plane Q if it is possible. The cardinality of the isotropy group of ρ at LQ is equal
to |v0(l)|. In fact, since the T 3-action is effective, the cardinality of the isotropy
group of ρ at LQ is equal to the number of intersection points of G and the S
1-
subgroup generated by l in T 3. This number is equal to |v0(l)|. We follow the proof
of Lemma 5.10. Let P 1, P 2 and P 3 be the three planes in Lie(T 3)∗ corresponding
to the germs of the maximal component, the gradient manifold L and the germ of
the minimal component respectively. Let ni be the primitive normal vector which
defines P i for i = 1, 2 and 3. We put the cone Θ in R3 by
(193) Θ = {v ∈ R3| det ( n1 n2 v ) > 0, det ( n2 n3 v ) > 0}.
If l is a vector contained in Θ which satisfies the Delzant condition with n1 and
n3, then we can perform a contact blowing down along L to LQ. To show (iii), it
suffices to show that Θ∩ {n ∈ R3|v0(n) = 1} is nonempty. By the argument of the
proof of Lemma 5.10, to show that Θ∩ {n ∈ R3|v0(n) = 1} is nonempty, it suffices
to show that Θ ∩ {n ∈ R3|v0(n) = 0} is nonempty. Θ ∩ {n ∈ R3|v0(n) = 0} is
nonempty, because n1 + n3 is contained in Θ ∩ {n ∈ R3|v0(n) = 0}. Hence (iii) is
proved. Hence the proof of Lemma 6.11 is completed. 
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We show Theorem 1.3. Let (M,α) be a closed 5-dimensionalK-contact manifold
of rank 2.
Proof. If (i) is shown, then (ii) and (iii) are shown by Proposition 6.4. We show
(i). By Lemma 6.6, it suffices to show that we can perform contact blowing down
to the germ of every nontrivial chain of (M,α) to obtain a trivial germ of a chain.
It is possible by Lemma 6.11 (ii) and (iii). 
7. Existence of compatible Sasakian metrics
In this section, we show Theorem 1.6 which asserts the existence of compatible
Sasakian metrics for a closed 5-dimensional K-contact manifold (M,α) of rank 2.
We define Sasakian metrics.
Definition 7.1. (Sasakian metrics) A pair (g, α) of a Riemannian metric g on M
and a contact form α is a Sasakian metric on M if (M × R>0, r2g + dr ⊗ dr) is
a Ka¨hler manifold with Ka¨hler form d(r2α) where R>0 is the set of positive real
numbers and r is the standard coordinate on R>0
We refer [10] for Sasakian manifolds and basic terminology for orbifolds used in
this section.
We denote the torus action associated with α by ρ. We put Φ = α(X) where X
is an infinitesimal action of ρ which is not parallel to the Reeb vector field R. The
maximal component and the minimal component of Φ are denoted by Bmax and
Bmin respectively.
Proof of Theorem 1.6 in the case where both of Bmax and Bmin are of dimension
3. Let {Ci}mi=1 be nontrivial chains of (M,α). If (M,α) has no nontrivial chain,
then we take a trivial chain as C1. By Lemma 6.11 (iii), there exist an open
neighborhood U i of Ci, an α-preserving T 3-action on U i, a contact toric manifold
(N i, ξi) and a T 3-equivariant embedding F i : U i −→ N i such that F i∗ kerα = ξi.
By the Delzant type Theorem of Boyer and Galicki [8], (N i, ξi) has a T 3-invariant
Sasakian metric (g˜i, α˜i) such that ker α˜i = ξi. Let α˜i1 be the K-contact form on
N i such that F i∗α˜i1 = α. Then by a theorem of Takahashi [26], there exists a T
3-
invariant Riemannian metric g˜i1 such that (g˜
i
1, α˜
i
1) is Sasakian. Hence (F
i∗g˜i1, α|Ui)
is a Sasakian metric on U i.
We have a contact form α′ on M such that kerα = kerα′ and every orbit of
the Reeb flow of α′ is closed. α′ is obtained by changing the Reeb vector field
to another infinitesimal action of ρ. By a theorem of Takahashi [26], if we show
the existence of a Sasakian metric g compatible with α′ which is invariant under
ρ, we obtain a Sasakian metric compatible with α. We denote the Reeb flow of
α′ by σα′ . We denote the S1-action on M/σα′ induced from ρ by ρ. M/σα′ is
an orbifold with the ρ-invariant symplectic form dα′. To construct a ρ-invariant
Sasakian metric on M compatible with α′, it suffices to construct a ρ-invariant
integrable complex structure on M/σα′ compatible with dα
′ by Lemma 2 of [22]
which claims a manifold with a contact form β whose Reeb flow has a transverse
Ka¨hler structure with Ka¨hler form dβ is Sasakian.
Since (g˜i, α) is a Sasakian metric, we have a ρ-invariant Riemannian metric g′i
on U i such that (gi, α′|Ui) is Sasakian by a theorem of Takahashi [26]. Then we
have a ρ-invariant complex structure Ji on U
i/σα′ compatible with dα
′ by Lemma
2 of [22]. We show that we have a trivial holomorphic 2-dimensional orbifold bundle
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structure on W i − (Ci/σα′) whose fibers are quotient of gradient manifolds, where
W i is an open neighborhood W i of Ci/σα′ in U
i/σα′ .
We show that the product of ρ and the gradient flow defines a holomorphic
C×-action on (U i − Ci)/σα′ . Let X be the infinitesimal action of ρ. Then the
gradient flow is generated by JiX by (12). Since LXJi = 0, it suffices to show
LJiXJi = 0 to show that the holomorphic C
×-action is defined. Note that we have
[JiY, JiZ] − Ji([JiY, Z] + [Y, JiZ]) − [Y, Z] = 0 for any vector fields Y and Z on
(U i − Ci)/σα′ by the integrability of Ji. For any vector field Y on (U i − Ci)/σα′ ,
we have
(194)
(LJiXJi)Y + (LXJi)JiY = ([JiX, JiY ]− Ji[JiX,Y ]) + ([X, J2i Y ]− Ji[X, JiY ])
= [JiX, JiY ]− Ji([JiX,Y ] + [X, JiY ])− [X,Y ]
= 0.
By LXJi = 0, we have LJiXJi = 0.
Let τ be the holomorphic C×-action which is the product of ρ and the gradient
flow. We will define a map which defines the holomorphic fiber bundle structure
on W i − (Ci/σα′) for an open neighborhood W i of (Ci/σα′) in M . Note that the
Sasakian metric (g˜i, α˜i) on N i is T 3-invariant. Let R
′
be the element of Lie(T 3)
which corresponds to the Reeb vector field of α′. We take an infinitesimal action
X1 of the T
3-action so that {F i∗R
′
, X,X1} is a basis of Lie(T 3) where X and
X1 correspond to X and X1, respectively. Take a small open neighborhood W
i
of Ci/σα′ in U
i/σα′ . The product of the flows generated by X , JX , X1 and
JX1 defines a local (C
×)2-action τ(C×)2 on W i. τ(C×)2 commutes with τ and is
holomorphic in the same reason as τ . Fix a point xi on Ci/σα′ which is not a
fixed point of τ . Let τxi be the C
×-action of the identity component of the isotropy
group of τ(C×)2 at x
i. We take a transversal T i of τ which satisfies the following
conditions:
(i) T i contains xi.
(ii) T i is a complex submanifold of U i/σα′ near x
i and invariant.
(iii) τxi(z)(T
i) ∩W i is contained in T i for z in an open neighborhood of 1 in
C×.
We define a map πi : W i − (W i ∩ (Bmin ∪Bmax))− (Ci/σα′) −→ T i by πi(x) = x0
where x0 is the intersection point of T
i and the orbit of τ which contains x. πi is
holomorphic on Ai− (Ci/σα′) by definition where Ai is a small open neighborhood
of xi in U i/σα′ . π
i is holomorphic on W i− (W i ∩ (Bmin ∪Bmax))− (Ci/σα′), since
πi is written as πi(x) = (πi|Ai−(Ci/σα′ ))(τ(z0)(x)) for any point x in W i − (W i ∩
(Bmin∪Bmax))− (Ci/σα′) where we take z0 so that τ(z0)(x) belongs to Ai. Take a
point x in Bmax ∩ (W i − Ci). Then by Lemma 3.6 (v), the closure of the gradient
manifold whose limit set contains x is smooth. Since πi is equivariant with respect
to τxi , π
i is smooth near x. Hence πi extends to W i smoothly. Since πi is smooth
on W i and holomorphic on a dense subset W i − (W i ∩ (Bmin ∪Bmax))− (Ci/σα′)
in W i, πi is holomorphic on W i. Note that the set {x ∈ W i|πi is holomorphic at
x} is closed in W i.
We show that fibers of πi are isomorphic as complex orbifolds. Let F be a fiber
of πi. Since F − (F ∩ (Bmin ∪Bmax)) is a principal orbit of τ , F is biholomorphic
to C×. Let J1 and J2 be two complex structures on F . Then both of (F −
(F ∩ (Bmin ∪Bmax)), J1) and (F − (F ∩ (Bmin ∪Bmax)), J2) are isomorphic to C×.
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Hence there exists a biholomorphic map H : (F − (F ∩ (Bmin ∪ Bmax)), J1) −→
(F − (F ∩ (Bmin ∪ Bmax)), J2). Applying the removable singularity theorem to H
on orbifold charts, H extends to F . Hence (F, J1) and (F, J2) are biholomorphic.
Since πi|W i−(W i∩(Bmin∪Bmax))−(Ci/σα′ ) has a holomorphic section T i, πi|W i−(W i∩(Bmin∪Bmax))−(Ci/σα′ )
is a trivial holomorphic principal C×-bundle over T i − {xi}. We denote one of the
fibers of πi by F0. We denote the holomorphic trivialization by χ
i : W i − (W i ∩
(Bmin∪Bmax))−(Ci/σα′) −→ (T i−{xi})×C×. χi extends to χ : W i−(Ci/σα′) −→
(T i−{xi})×F 0 smoothly, since the trivialization coincides with a smooth trivializa-
tion of the fiber bundle structure on (U i−Ci)/σα′ whose fibers are the quotient of
gradient manifolds by σα′ on the dense subsetW
i−(W i∩(Bmin∪Bmax))−(Ci/σα′).
Since χi is holomorphic on the dense subsetW i− (W i∩ (Bmin∪Bmax))− (Ci/σα′),
χi is holomorphic onW i. Hence πi is a trivial holomorphic F0-bundle with fiberwise
C×-action by the trivialization χi.
(M −∪mi=1Ci)/σα′ has a structure of trivial 2-dimensional orbifold bundle over a
surface whose fibers are quotient of gradient manifolds by Proposition 6.6. We de-
note the base space by S. ρ is a fiberwise rotation on (M−∪mi=1Ci)/σα′ . We denote
the restriction of ρ to F0 by ρF0 . Fix a trivialization χ0 : (M − ∪mi=1Ci)/σα′ −→
S × F0. Note that the map from S1 to ρF0 -equivariant diffeomorphism group
Diff(F, ρF0) on F defined by the S
1-action ρF0 is a homotopy equivalence. We de-
note the homotopy inverse Diff(F, ρF0) −→ S1 by p. We can assume that T i−{xi} is
biholomorphic to D2−{0}. Let χi be the map T i−{xi} −→ Diff(F, ρF0) defined by
χi(t)(x) = pr2 ◦χi◦χ−10 (t, x) for x in F0 and t in T i where pr2 : (T i−{xi})×F 0 −→
F 0 is the second projection. Then the rotation number r(i) of p ◦ χi : T i −→ S1 is
defined. Let χ′i be a holomorphic trivialization of πi defined by (ζ)r(i) ◦ χi where
ζr(i) is the r(i)-times composition of a biholomorphic map ζ on T i×F 0 defined by
ζ(t, z) = (t, φ(−hi(t))(z)) where the C×-action φ(t) is the restriction of τ i on F0 and
hi : T i−{xi} −→ D2−{0} ∼= C× is a biholomorphic map. Then the rotation number
of χ′i is zero. Hence we can take a trivialization χ : (M − ∪mi=1Ci)/σα′ −→ S × F0
such that
(i) the restriction of χ to ∪mi=1
(
V i − (Ci/σα′)
)
coincides with χ′i for some
open neighborhood V i of Ci/σα′ in W
i and
(ii) χ is S1-equivariant with respect to ρ and an S1-action on S × F0 defined
by the product of the trivial action on the first component and ρF0 .
We extend the complex structures on ∪mi=1(V i−Ci)/σα′ to a complex structure
J on (M −∪mi=1Ci)/σα′ as a product of complex structures on F0 and S using the
trivialization χ.
We will show that J is an integrable ρ-invariant complex structure on (M −
∪mi=1Ci)/σα′ compatible with dα′. The integrability and ρ-invariance are clear by
the construction. Since the fibers of (M−∪mi=1Ci)/σα′ are symplectic and invariant
under J , the tangent space of (M −∪mi=1Ci)/σα′ at each point is decomposed into
two 2-dimensional J-invariant symplectic subspaces. Then J is compatible with dα′.
Here a complex structure on a 2-dimensional symplectic linear space is compatible
with the symplectic structure, if the orientation given by the complex structure
coincides with the orientation given by the symplectic structure.
Hence we have an integrable complex structure on the orbifoldM/σα′ compatible
with dα′ and invariant under the S1-action ρ induced from ρ. The proof in the case
where both of Bmax and Bmin are of dimension 3 is completed.
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The proof of Theorem 1.6 in the other cases is completed by Lemmas 7.2 and
6.5.
Lemma 7.2. Let Σ be a closed orbit of the Reeb flow on (M,α). Let (M˜, α˜) be the
K-contact manifold obtained from (M,α) by performing a contact blowing up along
Σ. If there exists a Riemannian metric g˜ on M˜ such that (M˜, α˜, g˜) is a Sasakian
manifold, then there exists a Riemannian metric g on M such that (M,α, g) is a
Sasakian manifold.
We follow the proof of the Enriques-Castelnouvo’s theorem (See [6]).
Proof. Let R
′
be an element of Lie(G) such that the infinitesimal actions of R
′
on M˜
generates an S1-action whose orbits are transverse to ker α˜. Then the infinitesimal
action of R
′
on M generates an S1-action whose orbits are transverse to kerα. We
define the 1-form α′ on M by α′ = 1α(R′)α where R
′ is the infinitesimal action
of R
′
on M . Then α′ is a contact form on M whose Reeb vector field is R′ and
which defines the contact structure kerα. Similarly we define a 1-form α˜′ on M˜ by
α˜ = 1
α˜(R˜′)
α˜ where R˜′ is the infinitesimal action of R
′
on M˜ . Then α˜′ is a contact
form on M˜ whose Reeb vector field is R˜′ and which define the contact structure
ker α˜. We denote the Reeb flows of α′ and α˜′ by σα′ and σα˜′ , respectively. We denote
the T 2-actions on M and M˜ associated with α and α˜ by ρα and ρα˜, respectively.
We denote the S1-actions on M/σα′ and M˜/σα˜′ induced from ρα and ρα˜ by ρα
and ρα˜, respectively. To prove Lemma 7.2, it suffices to show that there exists a
ρα-invariant integrable complex structure compatible with dα
′ on the symplectic
orbifold (M/σα′ , dα
′). In fact, then (M,α′) has a Sasakian metric compatible with
α′ by Lemma 2 of [22]. Then by a theorem of Takahashi [26], (M,α) has a Sasakian
metric compatible with α.
Let L be the lens space in M˜ obtained by the contact blowing up along Σ. L/σα˜′
is a weighted projective space (See Godinho [13]). Holomorphic line orbibundles
over the weighted projective space L/σα˜′ are classified by the first Chern classes in
H2(L/σα˜′ ;Q). We refer to [23]. For a holomorphic line orbibundle E over L/σα˜′ ,
we denote the first Chern class by c1(E). We denote
∫
L/σα˜′
c1(E) by E · [L/σα˜′ ].
O(E) denotes the sheaf of sections of a holomorphic line orbibundle E over M˜/σα˜′ .
Note that a holomorphic line orbibundle E over L/σα˜′ is positive if and only if
E · [L/σα˜′ ] is positive in the sense of Baily [5] as in the case of holomorphic line
bundles over Riemann surfaces. We denote the holomorphic line orbibundle over
M˜/σα˜′ defined by the divisor L/σα˜′ by [L/σα˜′ ].
M˜ is an S1-orbibundle over M˜/σα˜′ associated with a positive holomorphic line
orbibundle over M˜/σα˜′ (See Theorem 7.1.3 of [10]). We denote the line orbibundle
by EM˜ . By Baily’s theorem [5], there exists a sufficiently large positive integer n
such that
nEM˜ ·[L/σα˜′ ]
[L/σα˜′ ]·[L/σα˜′ ] is an integer and M˜/σα˜′ is embedded as a complex orbifold
into the complex projective space CPN by the holomorphic map ιnEM˜ defined as
follows:
(195)
ιnEM˜ : M˜/σα˜′ −→ CPN
x −→ [s0(x) : s1(x) : · · · : sN (x)]
where {si}Ni=0 is a basis of H0(M˜/σα˜′ ,O(nEM˜ )). Note that n is chosen so that
the line orbibundle nEM˜ over M˜/σα˜′ is absolute in the sense of Baily [5] (See also
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[10]). A line orbibundle E over an orbifold S is absolute if E is a topological fiber
bundle over S.
We construct a line orbibundle on M˜/σα˜′ which is positive on the complement
of L/σα˜′ and whose restriction to L/σα˜′ is trivial. [L/σα˜′ ] · [L/σα˜′ ] is equal to
the Euler number of the S1-action ρα˜ on the quotient of the total space of the
normal S1-orbibundle of L/σα˜′ in M˜/σα˜′ by σα˜′ by Proposition 2.15 of [13]. Hence
[L/σα˜′ ] · [L/σα˜′ ] is a negative rational number. We put
(196) k = − nEM˜ · [L/σα˜′ ]
[L/σα˜′ ] · [L/σα˜′ ] .
Since nEM˜ · [L/σα˜′ ] is positive by the positivity of EM˜ , k is a positive integer. Note
that for a positive holomorphic line orbibundle E on M˜/σα˜′ , E|L/σα˜′ is positive on
L/σα˜′ by definition.
We show that H1(M˜/σα˜′ ;O(nEM˜ + i[L/σα˜′ ])) = 0 for 1 ≤ i ≤ k. We have the
long exact sequence
(197)
H1(M˜/σα˜′ ;O(nEM˜ + (i − 1)[L/σα˜′ ]))
fi // H1(M˜/σα˜′ ;O(nEM˜ + i[L/σα˜′ ]))
// H1(L/σα˜′ ;O(nEM˜ + i[L/σα˜′ ])).
Since (nEM˜ + i[L/σα˜′ ]) · [L/σα˜′ ] = −([L/σα˜′ ] · [L/σα˜′ ])(k− i) ≥ 0 for 1 ≤ i ≤ k, we
have
(198) H1(L/σα˜′ ;O(nEM˜ + i[L/σα˜′ ])) = 0
for 1 ≤ i ≤ k by the Kodaira-Baily vanishing theorem [5]. Hence fi in (197) is
surjective for 1 ≤ i ≤ k. Since
(199) H1(M˜/σα˜′ ;O(nEM˜ )) = 0
by the Kodaira-Baily vanishing theorem [5], we have
(200) H1(M˜/σα˜′ ;O(nEM˜ + i[L/σα˜′ ]))) = 0
for 0 ≤ i ≤ k inductively on i.
By (200) and the exact sequence
(201)
H0(M˜/σα˜′ ;O(nEM˜ + i[L/σα˜′ ]))
f ′i // H0(L/σα˜′ ;O(nEM˜ + i[L/σα˜′ ]))
// H1(M˜/σα˜′ ;O(nEM˜ + (i− 1)[L/σα˜′ ])),
f ′i is surjective for 1 ≤ i ≤ k + 1. For 1 ≤ i ≤ k, we put
(202) d(i) = dimH0(L/σα˜′ ;O(nEM˜ + i[L/σα˜′])) − 1.
For 1 ≤ i ≤ k − 2 and i = k, let {ai,0, ai,1, · · · , ai,d(i)} be a set of elements of
H0(M˜/σα˜′ ;O(nEM˜+i[L/σα˜′])) which is mapped to a basis ofH0(L/σα˜′ ;O(nEM˜+
i[L/σα˜′])). For i = k − 1, we take {ak−1,0, ak−1,1, · · · , ak−1,d(k−1)} as follows: By
Lemma 7.3 below, there exist elements bk−1,0 and bk−1,1 of H0(L/σα˜′ ;O(nEM˜ +
(k − 1)[L/σα˜′ ])) such that the divisor on L/σα˜′ defined by bk−1,0 is a rational
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multiple of one of the fixed points of ρα˜ on L/σα˜′ and the divisor on L/σα˜′ defined
by bk−1,1 is a rational multiple of the other fixed point of ρα˜ on L/σα˜′ . We take
{ak−1,0, ak−1,1, · · · , ak−1,d(k−1)} so that f ′k−1(ak−1,j) = bk−1,j for j = 0, 1 and
{ak−1,0, ak−1,1, · · · , ak−1,d(k−1)} is mapped to a H0(L/σα˜′ ;O(nEM˜ + i[L/σα˜′ ])).
Let s be an element of H0(M˜/σα˜′ ;O([L/σα˜′ ])). Since EM˜ and [L/σα˜′ ] are ρα˜-
equivariant, we can take ai,j and s so that they are ρα˜-equivariant by taking the
average by ρα˜. We put
(203) E0 = nEM˜ + k[L/σα˜′ ].
Then {sks0, · · · , sksN}∪{sk−iai,0, sk−iai,1, · · · , sk−iai,d(i)}ki=1 is a basis ofH0(M˜/σα˜′ ;O(E0)).
We define a map
(204) ιE0 : M˜/σα˜′ −→ CPN
′
by
(205)
ιE0(x) = [s
ks0(x) : · · · : sksN (x) : sk−1a1,0(x) : · · · : sk−1a1,d(1)(x)
: sk−2a2,0(x) : · · · : ak,d(k)(x)].
Since ιnEM˜ is a holomorphic embedding and s
k is nowhere vanishing on the com-
plement of L/σα˜′ , ιE0 is a holomorphic embedding on the complement of L/σα˜′ .
Since
(206) [E0|L/σα˜′ ] · [L/σα˜′ ] =
(
nEM˜ −
nEM˜ · [L/σα˜′ ]
[L/σα˜′ ] · [L/σα˜′ ] [L/σα˜
′ ]
)
· [L/σα˜′ ] = 0,
E0|L/σα˜′ is trivial. Hence the restriction of every section of E0 to L/σα˜′ is constant.
Hence ιE0(L/σα˜′) is a point. We put
(207) {x0} = ιE0(L/σα˜′).
Moreover we have
(208) d(k) = 0
by the triviality of E0|L/σα˜′ .
We will show that there exists a symplectic form ω on ιE0(M˜/σα˜′) such that
ω is cohomologous to [E0] and ιE0(M˜/σα˜′) has a structure of a complex orbifolds
whose complex structure is S1-invariant and compatible with ω.
Let U be an open neighborhood of L/σα˜′ in M˜/σα˜′ defined by the equation
ak,0 6= 0. On U , we have
(209)
ιE0(x) = [
sks0(x)
ak,0(x)
: · · · : s
2ak−2,d(k−2)(x)
ak,0(x)
:
sak−1,0(x)
ak,0(x)
: · · · : sak−1,d(k−1)(x)
ak,0(x)
: 1].
We consider functions
sak−1,0(x)
ak,0(x)
and
sak−1,1(x)
ak,0(x)
on M˜/σα˜′ . By (209),
sak−1,0(x)
ak,0(x)
and
sak−1,1(x)
ak,0(x)
are the restriction of holomorphic functions on CPN
′
to ιE0(M˜/σα˜′).
Since
(i) ak−1,0 and ak−1,1 are not constant on L/σα˜′ ,
(ii) ak is nonzero constant near L/σα˜′ and
(iii) s vanishes along L/σα˜′ at degree 1,
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sak−1,0(x)
ak,0(x)
and
sak−1,1(x)
ak,0(x)
vanish along L/σα˜′ at degree 1 on M˜/σα˜′ . Hence d
(
sak−1,0
ak,0
)
x0
and d
(
sak−1,1
ak,0
)
x0
are nonzero elements of the cotangent space of ιE0(M˜/σα˜′) at x0.
Let Dj be the divisor on M/σα˜′ defined by ak−1,j for j = 0 and 1. Since ak−1,j is
ρα˜-equivariant, Dj are ρα˜-invariant. Since ak−1,0 is not constant on L/σα˜′ , D0 does
not contain L/σα˜′ . Then D0 contains a ρα˜-invariant complex suborbifold C1 which
intersects L/σα˜′ . Similarly D1 contains a ρα˜-invariant complex suborbifold C0. By
the construction of ak−1,0 and ak−1,1, D0 ∩ (L/σα˜′) and D1 ∩ (L/σα˜′) are two fixed
points of ρα˜ on L/σα˜′ . Hence D0 ∩ (L/σα˜′) and D1 ∩ (L/σα˜′) are disjoint. Since
D0 does not intersect D1 near L/σα˜′ , the kernels of d
(
sak−1,0
ak,0
)
and d
(
sak−1,1
ak,0
)
are
not equal at x0. Then
(210) d
(
sak−1,0
ak,0
)
x0
∧ d
(
sak−1,1
ak,0
)
x0
6= 0.
Since D0 contains C1, the restriction of
sak−1,0
ak,0
to C1 is zero. Similarly the restric-
tion of
sak−1,1
ak,1
to C0 is zero. Hence we have
(211) d
(
sak−1,j
ak,0
) ∣∣∣
Cj
6= 0
for j = 0 and 1.
We define a C∞ orbifold atlas U on ιE0(M˜/σα˜′) by an orbifold chart χ around
x0 and the orbifold charts of the C
∞ orbifold atlas UM˜/σα˜′ on M˜/σα˜′ which do
not contain x0. We define χ as follows: Take an orbifold chart (Uj , φj ,Γj) of the
orbifold Cj around a point Cj ∩ (L/σα˜′) for j = 0 and 1. Let W be a small open
neighborhood of x0 in ιE0(M˜/σα˜′). We define the map ψj : W −→ Uj by sending
each point x in W to a point y in Uj which satisfies
sak−1,j(x)
ak,0(x)
(x) =
sak−1,j(x)
ak,0(x)
(y) for
j = 0 and 1. We define a map φ : W −→ (U0/Γ0)×(U1/Γ1) by φ(x) = (ψ0(x), ψ1(x))
for x in W . By (211), φ is a biholomorphic map into (U0/Γ0)× (U1/Γ1). Since s,
ak−1,0, ak−1,1 and ak,0 are ρα˜′ -equivariant, φ is ρα˜′ -equivariant. In particular, φ is
a ρα˜′ -equivariant homeomorphism into (U0/Γ0) × (U1/Γ1). We change U0 and U1
so that (U0/Γ0)× (U1/Γ1) is contained in the image of φ. Let ψ : U0×U1 −→W be
the inverse map of φ. We put χ = (U0 × U1,Γ0 × Γ1, ψ). Then χ and the orbifold
charts in UM˜/σα˜′ which do not contain x0 form a C∞ orbifold atlas.
Since UM˜/σα˜′ defines a complex structure on M˜/σα˜′ and ψ is a biholomorphic
map, U defines a complex structure J on ιE0(M˜/σα˜′). Since the restriction of
holomorphic functions on CPN
′
to ιE0(M˜/σα˜′) are holomorphic with respect to U ,
J is the complex structure induced from CPN
′
. Since ψ is S1-equivariant, J is S1-
invariant. Let S be a hypersurface in CPN
′
defined by S = {[z0 : z1 : · · · : zN ′ ] ∈
CPN
′ |z0 = 0}. Then the divisor ιE0(M˜/σα˜′) ∩ S on ιE0(M˜/σα˜′) is defined by the
equation sks0 = 0 by the definition of ιE0 . Since the line bundle defined by S is the
dual of the tautological bundle over CPN
′
, we have ι∗E0 [ω0] = [E0] in H
2
dR(M˜/σα˜′)
where ω0 is the symplectic form on CP
N ′ which is compatible with the complex
structure on CPN
′
and whose cohomology class is the first Chern class of the dual of
the tautological bundle over CPN
′
. Since J is induced from CPN
′
and the complex
structure on CPN
′
is compatible with ω0, J is compatible with ω0|ιE0(M˜/σα˜′ ). We
put ω = ω0|ιE0(M˜/σα˜′ ).
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Let V be the open tubular neighborhood of Σ inM which is cut off in the contact
blowing up along Σ to obtain M˜ from M . Then M − V is identified with M˜ − L.
We denote the identification map by
(212) q : M − V −→ M˜ − L.
We denote the tautological map from M˜/σα˜′ to ιE0(M˜/σα˜′) by
(213) π : M˜/σα˜′ −→ ιE0(M˜/σα˜′).
We show that there exists an S1-equivariant diffeomorphism f : M/σα′ −→ ιE0(M˜/σα˜′)
whose restriction to the complement of an open tubular neighborhood of Σ/σα′ co-
incides with π ◦ q. This follows from the argument similar to the last part of the
proof of Proposition 3.12. We put
(214) {x1} = Σ/σα′ .
Since
(i) the orbifold structure groups at x0 and x1 are isomorphic and
(ii) the linear actions of S1 on Tx0(ιE0(M˜/σα˜′)) and Tx1(M/σα′) are equal,
by applying the equivariant Darboux theorem [29] to orbifold charts, there exist
an open neighborhood V0 of x0 in ιE0(M˜/σα˜′), an open neighborhood V1 of x1 in
M/σα′ and an S
1-equivariant diffeomorphism h : V0 −→ V1 such that h(x0) = x1
and h∗ω = dα′. Let Φ0 be the map on M/σα′ induced from Φ. Let Φ1 be the
hamiltonian function on ιE0(M˜/σα˜′) for ρα. We choose two level sets H1 and
H2 of Φ so that H1/σα′ is contained in V0 and H2 is the boundary of an open
tubular neighborhood of Σ containing H1. Note that since they are S
1-equivariant
and preserve the symplectic forms, h and π map the level sets of Φ0 to the level
sets of Φ1. The level sets of Φ0 between H1/σα′ and H2/σα′ are diffeomorphic to
(S1×S3)/σα′ which is a 3-dimensional orbifold with S1-action ρα with at most two
exceptional S1-orbits by Lemma 8.24. Then we can isotope h|H1/σα′ to π′|H2/σα′
as a family of ρα-equivariant diffeomorphisms of (S
1 × S3)/σα′ by the argument
in the previous paragraph of the last paragraph of the proof of Proposition 3.12.
Hence there is an S1-equivariant diffeomorphism f : ιE0(M˜/σα˜′) −→M/σα′ whose
restriction to an open tubular neighborhood of ιE0(L/σα˜′) coincides with π ◦ q.
By Lemma 7.4 (b) and (c) below, we have
(215)
π∗f∗[dα′] = π∗[dα′] = [dα˜′]− [dα˜′]·[L/σα˜′ ][L/σα˜′ ]·[L/σα˜′ ] [L/σα˜′ ]
= [EM˜ ]− [EM˜ ]·[L/σα˜′ ][L/σα˜′ ]·[L/σα˜′ ] [L/σα˜′ ] =
1
n [E0] =
1
nπ
∗[ω].
Hence we have f∗[dα′] = 1n [ω] by Lemma 7.4 (a). We regard ω as a basic 2-form
on (M,F ′), where F ′ is the foliation of M defined by the orbits of σα′ . Since [dα′]
is the Euler class of the isometric flow F ′ on M by the definition of the Euler class,
the basic cohomology class of the basic 2-form (f−1)∗ω is the Euler class of (M,F).
Hence we have a nonzero constant c and a 1-form β on M such that β(R) = 1 and
dβ = c(f−1)∗ω (See [24]). By taking the average of β by ρ, we can assume that
β is invariant by ρ. Then applying Lemma 7.5 to (M,α′) and (M,β), we have a
ρ-equivariant diffeomorphism f1 : M −→M such that f∗1β = α′. By pulling back J
by f ◦ f1, we have a ρ-invariant integrable complex structure on M/σα′ compatible
with dα′. 
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Lemma 7.3. Let N be a weighted projective space of complex dimension 1 with
a holomorphic S1-action σ. Let z0 and z1 be two fixed points of σ. Let E be a
σ-equivariant holomorphic line orbibundle over N whose first Chern class is pos-
itive. For a point x in N , [x] denotes the Q-divisor defined by x. There exist
rational numbers r0 and r1 such that the divisor [rjzj ] defines the holomorphic line
orbibundle E for j = 0 and 1.
Proof. We put
(216) Ω = {q0[z0] + q1[z1]|q0, q1 ∈ Q}.
Ω is the space of σ-invariant Q-divisors on N . We put Pic(N)Q = Pic(N) ⊗Z Q,
where Pic(N) is the Picard group of N . There is a natural map
(217) φ : Ω −→ Pic(N)Q
which corresponds the holomorphic line orbibundle defined by the Q-divisor [z] to
an element [z] of Ω (See section 3 of [23]). Let
(218) c : Pic(N)Q −→ H2(N ;Q)
be the map which corresponds the first Chern class to a σ-equivariant line orbi-
bundle. Let s : H2(N ;Q) −→ Q be the canonical isomorphism. Since E is positive,
s ◦ c(E) is positive. Since dimH1(N ;ON ) = H2(N ;ON ) = 0, c is an isomorphism.
Since s and c are isomorphisms, Pic(N)Q is identified with Q so that E is identified
with a positive rational number. Hence φ−1(E) is a 1-dimensional affine subspace
of Ω. Then φ−1(E) ∩ {qj [zj]|qj ∈ Q} is not empty and a singleton for j = 0 and 1.
We put
(219) {rj [zj ]} = φ−1(E) ∩ {qj[zj ]|qj ∈ Q}
for j = 0 and 1. Then rj satisfies the desired condition. 
Lemma 7.4. Under the notation of the proof of Lemma 7.2, we have
(a): π induces an injection H2dR((M − V )/σα′) −→ H2dR((M˜ − L)/σα˜′),
(b): a diffeomorphism f : M/σα′ −→M/σα′ whose restriction is to an open
tubular neighborhood of ιE0(L/σα˜′) coincides with π◦q induces the identity
on H2dR(M˜/σα˜′) and
(c):
(220) π∗[dα′] = [dα˜′]− [dα˜
′] · [L/σα˜′ ]
[L/σα˜′ ] · [L/σα˜′ ] [L/σα˜
′ ].
Proof. Let p : M˜−L −→M−V be the inverse of q. Let F and F˜ be foliations onM
and M˜ whose leaves are the orbits of the Reeb flows of α′ and α˜′. p maps the leaves
of F˜ in M˜ −L to the leaves of F in M −V . Let HjB(X,G) be the basic cohomology
of degree j of a smoothly foliated smooth manifold (X,G). If the leaf space X/G of
(X,G) is an orbifold, then the de Rham cohomology of a smooth orbifold X/G of
degree j is canonically isomorphic to the basic cohomology of (X,G), because their
differential complexes are isomorphic by definition. Note that M/F = M/σα′ and
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M˜/F˜ = M˜/σα˜′ . By the definition of π and p, we have the following diagram:
(221) H2dR((M − V )/σα′) π
∗
//

H2dR((M˜ − L)/σα˜′)

H2B(M − V,F)
p∗
// H2B(M˜ − L, F˜)
whose vertical arrow are isomorphisms.
By the Mayer-Vietoris exact sequence for basic cohomology of Riemannian foli-
ations [4], we have
(222)
H1B(W − V,F) // H2B(M,F) // H2B(M − V,F)⊕H2B(W,F) // H2(W − V,F)
and
(223)
H1B(W˜ − L, F˜) // H2B(M˜, F˜) // H2B(M˜ − L, F˜)⊕H2B(W˜ , F˜) // H2(W˜ − L, F˜).
We choose a level set H of the contact moment map contained in W − V . Let
iH : (H,F) −→ (W−V,F) be the inclusion map. Note that sinceH is the boundary
of an open tubular neighborhood of Σ, H is diffeomorphic to S1 × S3. The leaf
space H/F of (H,F) is an orbifold diffeomorphic to a lens space. In fact, σα′ is
written as
(224) t · (ζ, z1, z2) = (tn0ζ, tn1z1, tn2z2)
in the standard coordinate on H by Lemma 8.24. Then we have H/F = H/σα′ ∼=
((S1 × S3)/ρ|Z/n0Z)/ρ ∼= (S1 × (S3/ρ|Z/n0Z))/ρ ∼= S3/ρ|Z/n0Z. By Proposition 2.4
of [12], we have
(225) HiB(H,F) ∼= HidR(H/σα′) ∼=
{
R i = 0, 3,
0 otherwise.
Let iΣ : (Σ,F) −→ (V,F) and iL : (L, F˜) −→ (W˜ , F˜) be the inclusion maps. By
Proposition 2.4 of [12], iΣ and iL induce isomorphisms on basic cohomology. Hence
we have
(226) HiB(W,F) ∼= HiB(Σ,F) ∼=
{
R i = 0,
0 otherwise
and
(227) HiB(W˜ , F˜) ∼= HiB(L, F˜) ∼=
{
R i = 0, 2,
0 otherwise.
Substituting (226), (227) and (225) to sequences (223) and (222), we have
(228) H2B(M,F)
rM−V ⊕rW
// H2B(M − V,F)⊕ 0
p∗⊕0

H2B(M˜, F˜)
rM˜−L⊕rW˜
// H2B(M˜ − L, F˜)⊕ R[L]
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whose horizontal arrows and p∗ are isomorphisms where [L] is the Poincare´ dual
of L. Note that [L] is contained in the image of the canonical map H2B(M˜, F˜) −→
H2(M˜).
We prove (a) and (b). (a) follows from the following two facts and the diagram
(221):
(i) rM−V : H2B(M,F) −→ H2B(M − V,F) is an isomorphism,
(ii) p∗ : H2B(M − V,F) −→ H2B(M˜ − L, F˜) is an injection.
(b) follows from the fact that rM−V : H2B(M,F) −→ H2B(M − V,F) is an isomor-
phism and (π ◦ q)|M−V is isotopic to the identity.
To prove (c), we will show
(229) π∗[dα′]− [dα˜′] = a[L/σα˜′ ]
for some real number a. Since we have a = − [dα˜′]·[L/σα˜′ ]·[L/σα˜′ ]·[L/σα˜′ ] by (229) and π
∗[dα′] ·
[L/σα˜′ ] = 0, (220) follows from (229). By (221) and (228), we have the commutative
diagram
(230)
H2dR(M/σα′)
∼= //

H2dR((M − V )/σα′) π
∗
// H2dR((M˜ − L)/σα˜′)
∼= // H2dR(M˜/σα˜′)

H2B(M,F) rM−V // H2B(M − V,F) p∗⊕0// H
2
B(M˜ − L, F˜)⊕ R[L](rM˜−L⊕rW˜ )−1
// H2B(M˜, F˜)
which satisfies
(i) the composition of the upper horizontal homomorphism is π∗,
(ii) π∗ and p∗ ⊕ 0 are injective and
(iii) the other arrows are isomorphisms.
Since we have
(231) p∗rM−V [dα] = rM˜−L[dα˜]
by the definition of the contact blowing down, we have (229). 
Lemma 7.5. Let M be a closed 5-dimensional manifold. Let α0 and α1 be two K-
contact forms on M of rank 1. Assume that the Reeb vector fields of α0 and α1 are
the same. If both of α0 and α1 are invariant under a T
2-action τ on M such that
the Reeb flow is a subaction of τ , then there exists a τ-equivariant diffeomorphism
f1 : M −→M such that f∗1α1 = α0.
Proof. By Lemma 2.5, we have K-contact forms β0 and β1 of rank 2 on M such
that kerβj = kerαj and the Reeb vector field of βj is an infinitesimal action R
′ of τ
for j = 0 and 1. By Proposition 3.16, there exists a diffeomorphism f1 : M −→M
such that f∗1β1 = β0. Since f1 is equivariant with respect to τ , we have f1∗R = R
where R denotes the Reeb vector field of α0 and α1. Since f1∗ kerα0 = f1∗ kerβ0 =
kerβ1 = kerα1, we have f
∗α1 = α0. 
8. Normal forms of K-contact structures
We show Lemma 8.1 which is the K-contact analog of the equivariant normal
form theorem of Weinstein [29] for symplectic submanifolds in Subsection 8.1. By
Lemma 8.1, the equivalence class of open neighborhoods of aK-contact submanifold
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is determined by the T 2-equivariant symplectic normal bundle and the element R of
Lie(T 2) corresponding to the Reeb vector field. We can construct good coordinates
and Lie group actions on open neighborhoods ofK-contact submanifolds by Lemma
8.1.
For a group H , a set A with an H-action and a subset B of A which is invariant
under the H-action, we denote the isotropy group of the H-action at B by HB .
8.1. Normal forms of K-contact submanifolds. Let M be a closed smooth
manifold. Let N be a smooth submanifold of M . Let α0 and α1 be two K-contact
forms of rank n defined on M . Assume that N is a K-contact submanifold of
(M,αi) for i = 0 and 1. Let Gi be the closure of the Reeb flow of αi in Isom(M, gi)
for a metric gi invariant under the Reeb flow of αi for i = 0 and 1. Let ρi be the
Gi-action on M for i = 0 and 1. The element in Lie(Gi) corresponding to the Reeb
vector field of αi is denoted by Ri for i = 0 and 1. The symplectic normal bundle
TNdαi ofN in (M,αi) is defined by (TN
dαi)x = {v ∈ TxM |αi(v) = 0, dαi(v, w) = 0
for every w in TxN} for i = 0 and 1. TNdαi is ρi-equivariant for i = 0 and 1. The
normal form theorem of K-contact submanifolds is stated as follows:
Lemma 8.1. Assume that
(i) α0|N = α1|N and
(ii) The T n-equivariant symplectic vector bundles (TNdα0, dα0|∧2TNdα0 ) and
(TNdα1 , dα1|∧2TNdα1 ) over N are isomorphic by a bundle map q which
covers idN and
(iii) q∗(R0) = R1 where q∗ : Lie(G0) −→ Lie(G1) is the map induced from the
map G0 −→ G1 associated with the equivariant bundle map q.
Then there exist a ρi-invariant open neighborhood Ui of N for i = 0, 1 and a
diffeomorphism f : U0 −→ U1 such that f |N = idN and f∗α1 = α0.
Proof. First, we show the following lemma:
Lemma 8.2. There exist a ρi-invariant open neighborhood Ui of N for i = 0, 1 and
a diffeomorphism f1 : U0 −→ U1 such that f1|N = idN , f1 induces q between on
the symplectic normal bundles TNdα0 and TNdα1 of N and f1 is T n-equivariant
with respect to ρ0 and ρ1.
Proof. For i = 0 and 1, fix a metric gi on M invariant under ρi. There exists a
small number ǫi such that the exponential map exp
i : (TN)dαi −→M with respect
to gi defined by exp
i(x, v) = expix(v) for x in N and v in (TN
dαi)x is a diffeo-
morphism on a tubular neighborhood Vǫi of the zero section of TN
dαi of radius
ǫi. We take a sufficiently small open neighborhood U0 of N so that a diffeomor-
phism f1 = exp1 ◦q ◦ (exp0)−1 is well-defined on U0. We show that f1 satisfies
the desired conditions. f1|N = idN is clear. Since gi is invariant under ρi, expi is
T n-equivariant. Then f1 is T n-equivariant. Since the differential map of expi at x
on the zero section of (TN)dαi is the identity through the natural identification of
TxVǫi with TxM , the tangent map of f
1 along N is q. 
Pulling back α1 by f
1 in Lemma 8.2 to an open neighborhood W 1 of N , we
reduce the proof of Lemma 8.1 to the case where
(i) (dα0)x = (dα1)x for x in N and
(ii) the Reeb flows of α0 and α1 coincide on W
1.
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We identify G0 and G1, and denote them by G. The action of G on W
1 is denoted
by ρ. We denote the restriction of the Reeb vector fields of α0 and α1 to W
1 by R.
Lemma 8.3. There exist ρ-invariant open neighborhoods U0 and U1 of N in W
1
and a ρ-equivariant diffeomorphism f2 : U0 −→ U1 such that f2|N = idN and
f2∗dα1 = dα0.
Proof. We define the 1-form β on W 1 by β = α1−α0 and the 2-form ωt on W 1 by
ωt = (1− t)dα0 + tdα1 for t in [0, 1]. Since (dα0)x = (dα1)x for a point x in N and
the Reeb vector fields of α0 and α1 are equal to R on W
1 by the assumption, there
exists an open neighborhood U ′0 of N in W
1 such that ωt induces a nondegenerate
2-form on TU/RR for every t in [0, 1]. Since β(R) = α1(R) − α0(R) = 0 by the
assumption, there exists a unique smooth family {Xt}t∈[0,1] of vector field tangent
to kerα0 on U
′
0 such that ι(Xt)ωt + β = 0 for t in [0, 1]. Since ωt, β and kerα0 are
invariant under ρ, Xt is invariant under ρ. Note that since β|N = 0, Xt|N = 0.
Then the isotopy {φt}t∈[0,1] generated by {Xt}t∈[0,1] satisfies φ∗tωt = ω0. In fact,
we have
(232)
dφ∗tωt
dt
= φ∗t
(
dι(Xt)ωt +
dωt
dt
)
= φ∗t d(ι(Xt)ωt + β) = 0.
Since Xt|N = 0, the isotopy {φt}t∈[0,1] is well-defined on an open neighborhood U0
of N in U ′0. Put f
2 = φ1 and the desired conditions for f
2 are satisfied. Note that
since Xt is invariant under ρ, f
2 is ρ-equivariant. 
Pulling back α1 by f
2 in Lemma 8.3 on an open neighborhood W 2 of N in W 1,
we reduce the proof of Lemma 8.1 to the case where
(i) dα0 and dα1 are equal and
(ii) the Reeb flows of α0 and α1 are equal on W
2.
Lemma 8.4. There exists a ρ-invariant open neighborhood W 3 of N in W 2 and a
ρ-invariant function h on W 3 such that α1|W 3 − α0|W 3 = dh and h|N = 0.
Proof. Let W 3 be a ρ-invariant tubular neighborhood of N in W 2. We put β =
α1|W 3 − α0|W 3 . Since N is a retract of W 3 and β|N = 0, β is exact on W 3.
We have a function h′ on W 3 such that dh′ = α1|W 3 − α0|W 3 . Since the Reeb
vector fields of α0 and α1 are equal to R on W
3, we have Rh′ = dh′(R) = α1(R)−
α0(R) = 0 on W
3. Since the orbits of the Reeb flow are dense in the orbits of ρ, h′
is constant on each orbit of ρ. Hence h′ is invariant under ρ. Take a point x0 on
N and define h = h′ − h′(x0). Since h(x0) = 0 and dh′|N = 0, we have h|N = 0. h
satisfies the desired conditions. 
We prove Lemma 8.1. We define the 1-form δt = α0 + tdh for t in [0, 1]. δt is
a contact form at a point x on N for every t by the assumption. Hence we have
an open neighborhood W 4 of N in W 3 such that δt|W 4 is contact for every t. Let
R be the common Reeb vector field of δt|W 4 for t in [0, 1] and put Z = −hR. Let
{ψt}t∈[0,1] be the flow generated by Z. Since Z|N = 0, {ψt}t∈[0,1] is well-defined on
an open neighborhood U0 of N for t in [0, 1]. Then we have ψ
∗
t δt = α0 on U
0. In
fact, we have
(233)
dψ∗t δt
dt
= ψ∗t
(
LZδt +
dδt
dt
)
= ψ∗t (dι(Z)δt + dh) = 0.
We put f = ψ1. Since h and R are ρ-invariant, f is ρ-equivariant. f satisfies the
desired conditions. 
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Let (M,α) be a closed K-contact manifold. Let N be a K-contact submanifold
of M . Let E be the symplectic normal bundle of N in (M,α). We denote the zero
section of E by 0E and identify 0E with N naturally. At a point x onN , the tangent
space TxM is identified with TxE naturally. In fact, we have the decompositions
TxM = TxN ⊕Ex and TxE = Tx0E ⊕Ex where Ex is the fiber of E at x in N . We
have the following corollary of Lemma 8.1:
Corollary 8.5. There exists a K-contact form β defined on an open neighborhood
of 0E in E which satisfies
(i) (dβ)x = (dα)x for x in N ,
(ii) β|0E = α|N and
(iii) the Reeb flow of β is the linear flow on E induced from the Reeb flow of α.
If a K-contact form β′ defined on an open neighborhood W of 0E satisfies (i), (ii)
and (iii), then there exist an open neighborhood V of 0E in E, an open neighborhood
U of N inM and a diffeomorphism f : V −→ U such that f |0E = idN and f∗α = β′.
Proof. Fix a metric g onM invariant under ρ. There exists a tubular neighborhood
V ′ of 0E such that the restriction of exp: E −→M defined by exp(x, v) = expx(v)
to V ′ is a diffeomorphism into M .
Then exp∗ α is a K-contact form on V ′ which satisfies (i), (ii) and (iii). In fact,
(i) and (ii) follow from the fact that (D exp)x is the identity for a point x on 0E
through the natural identification of TxV
′ with TxM . exp is ρ-equivariant with
respect to ρ on M and the linear action on E induced from ρ. (iii) follows from the
ρ-equivariance of exp.
Assume that a K-contact form β′ on an open neighborhood W of 0E satisfies
(i), (ii) and (iii). We put U ′ = exp(V ′ ∩W ). Then (exp−1)∗β′ is a K-contact form
on U ′. The T n-equivariant symplectic normal bundle of N in (U ′, (exp−1)∗β) is E.
In fact, (D exp)x is the identity for a point x on 0E and exp is equivariant with
respect to the torus action ρ on M and the linear action on E induced from ρ.
Hence idE satisfies the assumption on q in Lemma 8.1. By Lemma 8.1, there exist
an open neighborhood V of 0E in E, an open neighborhood U of N in M and a
diffeomorphism f : V −→ U such that f |0E = idN and f∗α = β′. 
Let H be a compact Lie group. We have the following lemma:
Lemma 8.6. If there exists an H-action τ on E which commutes with ρ and
preserves α|0E and the symplectic structures on fibers of E, then there exists an
α-preserving H-action on an open neighborhood of N .
Proof. By Corollary 8.5, it suffices to show that there exists a τ -invariantK-contact
form β on E which satisfies the conditions (i), (ii) and (iii) in Corollary 8.5.
Let β′ be a K-contact form defined on an open neighborhood W of 0E which
satisfies (i), (ii) and (iii). We define β by β =
∫
H h
∗β′dh where dh is the Haar
measure on H satisfying
∫
H dh = 1. Then β is invariant under τ and satisfies (i),
(ii) and (iii). The τ -invariance is clear. (i) and (ii) follow from the conditions (i)
and (ii) for β′ and the fact that τ preserves α|0E and the symplectic structure on
the fibers of E. Let R′ be the Reeb vector field of β′. We show that R′ is the Reeb
vector field of β. Note that since τ commutes with ρ, we have h∗R′ = R′ for every
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h in H . We can calculate β(R′) and ι(R′)dβ as follows:
(234)
β(R′) = ι(R′)
∫
H
h∗β′dh =
∫
H
ι(R′)h∗β′dh =
∫
H
h∗
(
ι(R′)β′
)
dh =
∫
H
dh = 1
and
(235) ι(R′)dβ = ι(R′)d
∫
H
h∗β′dh =
∫
H
ι(R′)dh∗β′dh =
∫
H
h∗
(
ι(R′)dβ′
)
dh = 0.
Hence β satisfies (iii). 
We have the following relative version of Lemma 8.1: Let M be a closed smooth
manifold. Let Ai be an open set of M for i = 1 and 2. Let N be a subset of M
such that N −A1 is a smooth submanifold ofM −A1. α0 and α1 be two K-contact
forms of rank 2 defined on an open neighborhood of N . We define Gi, Ri and ρi
for i = 0 and 1 in the same way as in Lemma 8.1. Assume that (N −A1, αi|N−A1)
is a K-contact submanifold of (M − A1, αi|M−A1) for i = 0 and 1. Assume that
α0|A2 = α1|A2 , Aj is invariant under the Reeb flows of α0 and α1 for j = 1 and 2,
the closure of A1 is contained in A2 and every connected component of A1 intersects
N .
Lemma 8.7. Assume that
(i) α0|N−A1 = α1|N−A1 and
(ii) T n-equivariant symplectic vector bundles (T (N−A1)dα0 , dα0|∧2T (N−A1)dα0 )
and (T (N − A1)dα1 , dα1|∧2T (N−A1)dα1 ) over N − A1 are isomorphic by a
bundle map q which covers idN−A1 and whose restriction q|(N−A1)∩A2 to
(N −A1) ∩ A2 is the identity and
(iii) q∗(R0) = R1 where q∗ : Lie(G0) −→ Lie(G1) is the map induced from the
map G0 −→ G1 associated with the equivariant bundle map q.
Then there exist open neighborhoods U0 and U1 of N and a diffeomorphism f : U0 −→
U1 such that f |N∪A1 = idN∪A1 and f∗α1 = α0.
Proof. First, we show that there exists a metric g˜i on M for i = 0, 1 such that
g˜i is invariant under ρi for i = 0, 1 and g˜0|A2 = g˜1|A2 . Let g˜0 be a metric on M
invariant under ρ0. Let g˜1 be the average of g˜0 by ρ1. Since R0|A2 = R1|A2 and
LR0 g˜0 = 0, we have LR1 g˜0 = 0 on A2. Hence g˜0|A2 is invariant under ρ1. g˜0|A2 is
equal to the average of g˜0|A2 by ρ1. Hence we have g˜0|A2 = g˜1|A2 .
Take a metric g˜i on M for i = 0, 1 such that g˜i is invariant under ρi for i = 0,
1 and g˜0|A2 = g˜1|A2 . In Lemma 8.2, we define f1 by f1 = (exp1)−1 ◦ q ◦ exp0 by
the exponential map expi of g˜i for i = 0, 1. Then we have f
1|A′1 = (exp1)−1 ◦
q ◦ exp0 |A′1 = (exp0)−1 ◦ exp0 |A′1 = idA′1 for an open neighborhood A′1 of A1
by the assumption on q. In Lemma 8.3, f2 satisfies f2|N∪A1 = idN∪A1 by β =
α0|A′1 −α1|A′1 = 0. In Lemma 8.4, we have dh|N∪A1 = 0 since α0|A′1 = α1|A′1 . Since
h|N = 0 and every connected component of A1 intersects N , we have h|N∪A1 = 0.
Hence Z|N∩A1 = 0 in the proof of Lemma 8.1 and we obtain f which satisfies the
desired conditions. 
Let E be the symplectic normal bundle of N − A1 in M − A1. We identify 0E
with N −A1 naturally. We also have the relative versions of Lemmas 8.5 and 8.6:
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Corollary 8.8. Let β be a K-contact form on E which satisfies (i), (ii) and (iii)
in Corollary 8.5. If we have a metric g on M such that the restriction of the
exponential map exp: E|N∩A2 −→M −A1 to an open neighborhood W of 0E ∩A2
in E satisfies (exp |W )∗α = β, then there exist an open neighborhood V of 0E in E,
an open neighborhood U of N − A1 in M − A1 and a diffeomorphism f : V −→ U
such that f |0E = idN−A1 , f∗α = β and f |exp−1(A′1) = exp |exp−1(A′1) for an open
neighborhood A′1 of A1.
Proof. Take a metric g˜ on M invariant under ρ which satisfies g˜|A˜1 = g|A˜1 for an
open neighborhood A˜1 of A1. There exists an open neighborhood V
′ of 0E such
that the restriction exp |V ′ of exp: E −→ M − A1 to V ′ is a diffeomorphism into
M . We put U ′ = exp(V ′). The symplectic normal bundles of N in (U ′, (exp−1)∗β)
is equal to E by (D exp)x = idTxM for x in N and the condition (ii) on dβ. We also
have (exp−1)∗(β|exp−1(A˜1)) = α|A˜1 . Take an open neighborhood A′1 of A1 in M so
that the closure A′1 is contained in A˜1. By applying Lemma 8.7 to two K-contact
forms (exp−1)∗β and α by putting q = idE , A2 = A˜1 and A′1 = A1, we can take a
diffeomorphism f satisfying the desired conditions. 
Lemma 8.9. Let τ be an H-action on E which commutes with ρ and preserves
α|N−A1 and the symplectic structures on fibers of E. Assume that we have an
α-preserving H-action τ˜ on A2 such that the linear action induced from τ˜ on
E|(A2−A1)∩N coincides with τ . Then there exist an open neighborhood U of N −A1
in M −A1 and an α-preserving H-action on U which coincides with τ˜ on A′1 ∩ U
for an open neighborhood A′1 of A1.
Proof. Fix a metric g on M invariant under ρ and whose restriction g|A2 to A2
is invariant under τ . There exists an open neighborhood V of 0E such that the
restriction exp |V of exp: E −→M −A1 to V is a diffeomorphism intoM −A1. We
put β′ = (exp)∗α and define β by β =
∫
H
h∗β′dh where dh is the Haar measure on
H satisfying
∫
H
dh = 1. Then β is invariant under τ and satisfies (i), (ii) and (iii)
in Corollary 8.5. We have β|π−1(A2−A1)∩V = β′|π−1(A2−A1)∩V by the τ -invariance
of β′|π−1(A2−A1)∩V . Hence we have exp∗ α|(A2−A1)∩exp(V ) = β′|(A2−A1)∩exp(V ) =
β|(A2−A1)∩exp(V ). By Corollary 8.8, we have a diffeomorphism f : V −→M into M
such that f |0E = idN−A1 , f∗α = β and f∗α = β and f |exp−1(A′1) = exp |exp−1(A′1)
for an open neighborhood A′1 of A1. Hence conjugating τ on E by f , we have an
H-action on U which satisfies the desired conditions. 
Let α0 and α1 be K-contact forms of rank n on a smooth manifold M . Let Gi
be the closure of the Reeb flow of αi in Isom(M, gi) for a metric gi invariant under
the Reeb flow of αi for i = 0 and 1. Let ρi be the Gi-action on M . The element in
Lie(Gi) corresponding to the Reeb vector field of αi is denoted by Ri. Let N be a
smooth submanifold of M . Assume that N is a K-contact submanifold of (M,αi)
for i = 0 and 1. The symplectic normal bundle TNdαi of N in (M,αi) is defined
by (TNdαi)x = {v ∈ TxM |αi(v) = 0, dαi(v, w) = 0 for every w in TxN} for i = 0
and 1. TNdαi is ρi-equivariant for i = 0 and 1. Localizing the argument of the
proof of Lemma 8.1 to a relatively compact open subset V of N which is invariant
under ρ0 and ρ1, we have the following variant of the normal form theorem:
Lemma 8.10. Assume that
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(i) α0|N = α1|N and
(ii) T n-equivariant symplectic vector bundles (TNdα0, dα0|∧2TNdα0 ) and (TNdα1, dα1|∧2TNdα1 )
over N are isomorphic by a bundle map q which covers idN and
(iii) q∗(R0) = R1 where q∗ : Lie(G0) −→ Lie(G1) is the map induced from the
map G0 −→ G1 associated with the equivariant bundle map q.
Then there exist a ρi-invariant open neighborhood Ui of V for i = 0, 1 and a dif-
feomorphism f : U0 −→ U1 such that f |N = idN and f∗α1 = α0.
8.2. Local T 3-actions. We construct α-preserving T 3-actions on open neighbor-
hoods of closed orbits of the Reeb flow, K-contact lens spaces and chains.
Let (M,α) be a closed 5-dimensional K-contact manifold of rank 2. The Reeb
vector field of α is denoted by R. LetG be the closure of the Reeb flow in Isom(M, g)
for a metric g compatible with α. We denote the action of G on M by ρ. Let Bmax
and Bmin be the maximal component of the minimal component of the contact
moment map for ρ on (M,α).
8.2.1. Local T 3-actions near closed orbits of the Reeb flow. Let Σ be a closed orbit
of the Reeb flow of α. We will show
Lemma 8.11. There exists an α-preserving T 3-action on an open neighborhood of
Σ.
Let E be the symplectic normal bundle of Σ in M . Fix a point x on Σ and Ex
be the fiber of E over x. For a vector bundle V over a manifold, 0V denotes the
zero section of V .
We show Lemma 8.11.
Proof. By Lemma 8.6, it suffices to show that there exists a T 3-action on E which
commutes with ρ and preserves α|0E and the symplectic structures on the fibers of
E.
By Lemma 8.25, we have ρ-invariant symplectic vector subbundles E1 and E2 of
E such that E = E1 ⊕ E2. Fix a metric on Ej which is compatible with dα|∧2Ej
and invariant under ρ for j = 1 and 2. Then we have a complex structure Jj on
Ej invariant under ρ. Let σ1 be the S
1-action on E which is the product of the
trivial S1-action on E1 and the S
1-subaction of the linear C×-action on E2 defined
by J2. Let σ2 be the S
1-action on E which is the product of the trivial S1-action
on E2 and the S
1-subaction of the linear C×-action on E1 defined by J1. Then σj
preserves dα for j = 1 and 2. We will prove that σj commutes with ρ for j = 1
and 2. The weight of σj |Ejx is 1. Since σ preserves Jj , g−1 ◦ σ|(Ej)g·x ◦ g is also the
S1-action on Ex with weight 1 for every x on Σ and every g in G. Hence we have
g−1 ◦ σ|(Ej)g·x ◦ g = σ|Ejx for x on Σ and g in G. Then σj commutes with ρ.
(Gx)0 denotes the identity component of the isotropy group Gx at x. Take an
S1-subgroup G′ of G which satisfies G′ × (GΣ)0 = G. Let Z be the vector field on
E generating the linear action of G′ on E. Fix a point x on Σ and let r be the first
return map r : Ex −→ Ex of the flow generated by Z. Let zi be a vector of Ejx for
j = 1 and 2. Since r preserves Ejx, Jj and gj for j = 1 and 2, r can be written as(
e2piiθ1 0
0 e2piiθ2
)
for real numbers θ1 and θ2 with respect to the basis {z1, z2} of Ex
as a complex vector space. Put Z ′ = Z − θ1Y1 − θ2Y2 where Yj is the vector field
generating σj for j = 1 and 2. Then Z
′ generates a free S1-action σ3 on E which
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commutes with ρ and preserves α|0E and the symplectic structures on the fibers of
E.
The product σ1 × σ2 × σ3 gives a T 3-action which commutes with ρ, preserves
α|0E and the symplectic structures on the fibers of E. 
8.2.2. Local T 3-actions near K-contact lens spaces of rank 2. Let N be a K-contact
submanifold of (M,α). Assume that the rank of (N,α|N ) is 2. Then N is a lens
space and the Reeb flow of α|N has two closed orbits Σ0 and Σ1 by the classification
of 3-dimensional contact toric manifolds by Lerman [18]. Assume that there exist
an open neighborhood Uj of Σj and an α-preserving T
3-action τ˜j on Uj which
preserves N for j = 0 and 1. We show
Lemma 8.12. There exists an α-preserving T 3-action τ˜ on an open neighborhood
of N which coincides with τ˜0 on an open neighborhood of Σ0 and is conjugate to τ˜1
on an open neighborhood of Σ1.
Proof. Let E be the symplectic normal bundle of N in M and τj be the linear
action on E|Uj∩N induced from τ˜j for j = 0 and 1. Fix a metric g on E which
is compatible with dα|∧2E , invariant under ρ and whose restriction g|Vj to Vj is
invariant under τj where Vj is an open neighborhood of Σj in Uj for j = 0 and 1.
Let σ be the S1-subaction of the linear C×-action defined by the complex structure
determined by dα|∧2E and g. σ commutes with ρ by the invariance of g under ρ.
We obtain an effective torus action τ on E generated by σ and ρ. Since the isotropy
group GN of ρ at N is discrete and σ fixes N , σ is not a subaction of ρ. Hence τ is
an effective T 3-action. Note that σ preserves dα|∧2E by the compatibility of g with
α. Hence τ commutes with ρ and preserves α|0E and the symplectic structures on
the fibers of E.
We show that τ is conjugate to the linear T 3-action τj induced from τ˜j near Σj
for j = 0 and 1. Assume that τ is not conjugate to the linear T 3-action τ0 induced
from τ˜0 near Σ0. Since τ0 preserves the complex structure determined by dα|∧2E
and g on the fibers of E over an open neighborhood of Σ0, τ0 commutes with σ
by the argument in the last part of the second paragraph of the proof of Lemma
8.11. Since τ and τ0 commute and are not conjugate to each other, their orbits
do not coincide. Hence τ and τ0 generate an effective T
4-action which commutes
with ρ, preserves α|0E and the symplectic structures on the fibers of E over an
open neighborhood of Σj . By Lemma 8.6, we have an effective T
4-action which
preserves α near Σj . This contradicts Lemma 2.4. Hence τ restricted to an open
neighborhood of Σ0 is conjugate to τ0. on the fibers of E over an open neighborhood
of Σ0. Similarly τ restricted to an open neighborhood of Σ1 is conjugate to τ1 on
the fibers of E.
We conjugate τ to τ˜ so that τ˜ coincides with τ0 on an open neighborhood of
Σ0. Then τ˜ is a T
3-action on E which commutes with ρ and preserves α|0E and
the symplectic structures on the fibers of E over an open neighborhood of Σj for
j = 0, 1. Moreover τ˜ coincides with τ0 on an open neighborhood of Σ0 in N , and
τ˜ is conjugate to τ1 on an open neighborhood of Σ1. By Lemma 8.6, we obtain τ˜
which satisfies the desired condition. 
8.2.3. Local T 3-actions near chains. Assume that the closure of every gradient man-
ifold in a chain C is a smooth submanifold ofM . Let Σ0 be the bottom closed orbit
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in C and Σl be the top closed orbit in C. Assume that there exist an open neigh-
borhood Uj of Σj and an α-preserving T
3-action τ˜j on Uj which preserves N for
j = 0 and l. We have
Lemma 8.13. There exists an α-preserving T 3-action τ˜ on an open neighborhood
of C which coincides with τ˜0 on an open neighborhood of Σ0 and is conjugate to τ˜l
on an open neighborhood of Σl.
Proof. We denote the lens spaces in C by L1, L2, · · · , Ll from the bottom. Applying
Lemma 8.12 inductively to L1, L2, · · · , Ll, we have a T 3-action which satisfies the
desired condition. 
8.2.4. Local T 3-actions nearK-contact lens spaces of rank 1. LetB be a 3-dimensional
K-contact submanifold of (M,α). Assume that the rank of (B,α|B) is 1 and B is
diffeomorphic to a lens space. We show
Lemma 8.14. There exists an α-preserving T 3-action on an open neighborhood of
B.
Let B/ρ is a 2-dimensional smooth orbifold with a volume form dα. B/ρ has at
most two singular points. The singular points of B/ρ are denoted by p1 and p2.
We refer [10] for basic terminology on orbifolds.
We show
Lemma 8.15. (B/ρ, dα) has a smooth hamiltonian S1-action σ.
Proof. Let m1 and m2 be the multiplicity of the two singular points of B/ρ. We
put p = GCD(m1,m2) and m
′
j = mj/p for j = 1, 2. Define a contact form α0 on
S3 by
(236) α0 = m
′
1
√−1(z1dz1 − z1dz1) +m′2
√−1(z2dz2 − z2dz2).
Then the Reeb flow ρα0 of α0 is written as
(237) t · (z1, z2) = (tm′1z1, tm′2z2).
Hence the multiplicity of the singular points of S3/ρα0 are m
′
1 and m
′
2. Let σ be a
Z/pZ-action on S3 defined by
(238) s · (z1, z2) = (e
2piis
p z1, e
2piis
p z2)
for s in Z/pZ. Since ρα0 commutes with σ, σ acts on S
3/ρα0 . The multiplicity of
the singular points of (S3/ρα0)/σ is m1 and m2. dα0 induces a volume form ω on
(S3/ρα0)/σ. Let τ be an S
1-action on S3 defined by
(239) t · (z1, z2) = (tn1z1, tn2z2)
for t in S1 where n1 and n2 are integers such that m
′
1n2 − m′2n1 is not equal to
0. Then τ induces an S1-action τ1 on (S
3/ρα0)/σ which preserves dα0. Let Y be
the vector field on (S3/ρα0)/σ generating τ1. Since we have d(ι(Y )ω) = LY ω = 0,
the 1-form ι(Y )ω on (S3/ρα0)/σ is closed. By H
1
dR((S
3/ρα0)/σ) = 0, we have a
smooth function h on (S3/ρα0)/σ such that dh = ι(Y )ω. Hence τ1 is hamiltonian.
Since the genus and the multiplicity of the two singular points of (S3/ρα0)/σ
and B/ρ are equal, we have a diffeomorphism φ : (S3/ρα0)/σ −→ B/ρ. Changing
ω to −ω, we can assume that f preserves the orientations determined by ω and dα.
By H2dR((S
3/ρα0)/σ) = R, we have a real number c and a 1-form β on B/ρ such
that dβ = cf∗ω − dα. We define a volume form ωt by ωt = (1− t)dα + tω on B/ρ
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and a vector field Zt on B/ρ by ι(Z)ωt+ β = 0 for t in [0, 1]. Let {ψt}t∈[0,1] be the
flow generated by {Zt}t∈[0,1]. Then we have ψ∗1ω = dα. In fact, we have
(240)
dψ∗t ωt
dt
= ψ∗t (LZtωt +
dωt
dt
) = ψ∗t d(ι(Zt)ωt + β) = 0.
Conjugating φ−1 ◦τ1◦φ by ψ1, we have an S1-action σ on B/ρ preserving dα. Since
τ1 is hamiltonian and ψ
∗
1ω = dα, σ is hamiltonian. 
Lemma 8.16. There exists an (α|B)-preserving T 2-action on B.
Proof. Let X be the vector field on B/ρ generating σ. Let h be a hamiltonian
function of σ. Let X˜ be the lift of X on B tangent to kerα. We put X ′ = X˜ − hR.
We prove that X ′ and R generate an α-preserving T 2-action.
The flow generated by X ′ preserves α, since we have LX′α = d(ι(−hR)α) +
ι(X˜)dα = 0. The flow generated by X ′ commutes with the Reeb flow. In fact, since
we have α([R,X ′]) = R(α(X ′)) − LRα(X ′) = 0, [R,X ′] is a section of kerα. For
a section of kerα, we have dα([R,X ′], Y ) = −X ′(dα(R, Y )) + dα(R, [X ′, Y ]) = 0.
Hence we have [R,X ′] = 0 by the nondegeneracy of dα on kerα.
Let τ be the (S1 × R)-action on B generated by R and X ′. We show that
τ induces a T 2-action. By Rh = 0 and X ′h = 0, the orbits of the (S1 × R)-
action generated by R and X ′ coincide with the fibers of h. Let Σ0 and Σ1 be
the maximal point set and the minimum point set of h. Σj is a closed orbit of the
Reeb flow of α. Since h is a proper submersion on B − (Σ0 ∪ Σ1), h|B−(Σ0∪Σ1)
is a T 2-bundle. We fix a trivialization B − (Σ0 ∪ Σ1) ∼= T 2 × (0, 1) such that R
and X ′ are written as R = ∂∂x and X
′ = ∂∂y + f(t)
∂
∂x for some function f with
respect to t where (x, y) is the coordinate on T 2 as follows: (B − (Σ0 ∪ Σ1))/ρ is
diffeomorphic to S1× (0, 1). Let s : [0, 1]× (0, 1) −→ S1× (0, 1) be the map defined
by the product of the map [0, 1] −→ S1 = [0, 1]/{0} ∼ {1} and id(0,1). Take a
lift s˜ of s to B − (Σ0 ∪ Σ1) such that the image of the lift is invariant under the
(S1 × R)-action generated by R and X ′. We define a smooth function f on (0, 1)
by f(t) = −s˜(t, 1) + s˜(t, 0). By putting ∂∂x = R and ∂∂y = X ′ + f(t)R, we can
define a trivialization B − (Σ0 ∪ Σ1) ∼= T 2 × (0, 1) such that R and X ′ are written
as R = ∂∂x and X
′ = ∂∂y + f(t)
∂
∂x for some function f with respect to t where (x, y)
is the coordinate on T 2.
To show that τ induces a T 2-action, it suffices to show that f(t) is a constant
function. We can write α = dx + h1(t)dy + h2(t)dt where h1(t) and h2(t) are
smooth functions on t. Since α(X ′) = f(t) + h1(t) and d(α(X ′)) = ι(X ′)dα =
ι(X ′)(h′1(t)dt ∧ dy) = dh1, we have df(t) = 0. Hence the proof is completed. 
Let τ be the T 2-action on B obtained in Lemma 8.16. Let E be the symplectic
normal bundle of B in M . Let ω be the symplectic structure on fibers of E. E has
a complex structure compatible with ω.
Proof of Lemma 8.14. By Lemma 8.6, it suffices to show that we have a dα-
preserving T 3-action τ˜ on E such that τ˜ commutes with ρ and E is equivariant
with respect to τ˜ and τ . Let τ1 be an S
1-subaction of τ which satisfies τ1 × ρ′ = τ
where ρ′ is the S1-action on B induced from ρ.
First, we show that there exists an S1-action τ ′1 on E so that τ
′
1 commutes with
ρ and E is S1-equivariant with respect to τ1 and τ
′
1. Let C be a T
2-orbit of τ in
B. We denote two connected components of B − C by B1 and B2. Since B has a
T 2-invariant contact structure by Lemma 8.16, B1 and B2 are solid tori which are
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ρ-equivariantly homotopy equivalent to S1 by the classification of 3-dimensional
contact toric manifolds by Lerman [18]. E|B1 and E|B2 are trivial as ρ-equivariant
vector bundles, since the base spaces B1 and B2 can be ρ-equivariantly retracted
to S1. We can take T 2-equivariant trivializations E|Bi ∼= R2 × Bi for i = 1 and 2
where the T 2-action on R2×Bi is defined by the product of the standard S1-action
on R2 and ρ′. Then we have an S1-action τ ′1 on R
2 × B1 defined by the product
of the trivial S1-action on R2 and the S1-action τ on B1. τ
′
1 induces a rotation on
each component of R2 × ∂B2 through the identification R2 × ∂B1 −→ R2 × ∂B2.
Hence we can extend τ ′1 to E so that τ
′
1 commutes with ρ and E is S
1-equivariant
with respect to τ1 and τ
′
1.
We show that we can modify τ ′1 to an ω-preserving S
1-action τ˜1 on E such that
τ˜1 commutes with ρ and the vector bundle E is S
1-equivariant with respect to τ1
and τ˜1. Let dh be a Haar measure on S
1 We define a symplectic structure ω′ on
fibers on E by the average ω′ =
∫
S1 h
∗ωdh of ω by τ ′1. Then ω
′ is invariant under
ρ by g∗ω′ =
∫
S1 g
∗h∗ωdh =
∫
S1 h
∗g∗ωdh =
∫
S1 h
∗ωdh = ω′. Since the rank of E is
2, we have a ρ-equivariant isomorphism ψ from (E,ω′) to (E,ω) as oriented vector
bundles. Conjugating τ ′1 by ψ, we have an S
1-action τ˜1 which satisfies the desired
conditions.
We obtain a T 3-action τ˜ on E which satisfies the desired conditions by taking
the product of τ˜1 and ρ.
8.3. Normal forms of closed orbits of the Reeb flow. We write normal forms
of closed orbits of Reeb flows in this subsection. See [31] for the proof of the normal
form theorem of closed orbits of the Reeb flow.
Let (Mi, αi) be a closed 5-dimensional K-contact manifolds of rank 2 for i = 0
and 1. Let Gi be the closure of the Reeb flow in Isom(Mi, gi) for a metric gi
invariant under the Reeb flow. The action of Gi on Mi is denoted by ρi.
In this subsection, we fix an isomorphism Gi −→ T 2 and identify Gi with T 2
for i = 0 and 1. The isotropy groups of ρi are regarded as subgroups of T
2.
The element of Lie(T 2) corresponding to the Reeb vector field of αi through the
isomorphism Lie(Gi) −→ Lie(T 2) is denoted by Ri. We assume that R0 = R1
and denote them by R. We fix X in Lie(T 2) which is not parallel to R. We put
Φi = αi(X) where X is the infinitesimal action of X. The maximal component and
the minimal component of Φi are denoted by Bmax i and Bmin i, respectively.
Let Σi be a closed orbit of the Reeb flow of αi for i = 0 and 1. A diffeomorphism
f from an open neighborhood U0 of Σ0 to an open neighborhood U1 of Σ1 is said
to be an isomorphism if f(Σ0) = Σ1, f
∗α1 = α0 and f(ρ0(x, g)) = ρ1(f(x), g) for
every x in Σ0 and g in T
2.
We will omit the index i in the proof and the statement of lemmas, when we can
fix i in the argument.
8.3.1. Length of closed orbits of the Reeb flow. Note that (Σ0, α0|Σ0) and (Σ1, α1|Σ1)
are isomorphic as K-contact manifolds if and only if
∫
Σ0
α =
∫
Σ1
α. We show the
following:
Lemma 8.17. We have
∫
Σ0
α0 =
∫
Σ1
α1 if (G0)Σ0 = (G1)Σ1 .
Proof. It suffices to compute
∫
Σ α fromR andGΣ. Take a parametrization γ : S
1 −→
Σ so that γ∗( ∂∂ζ )x = cRx for every point x on Σ and a positive constant c. Then
we have
∫
Σ α =
∫
S1 α(γ∗(
∂
∂ζ ))dζ = c. Fix a point x on Σ. Then Σ is identified
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with G/Gx. We denote the projection Lie(G) −→ Lie(G/Gx) by π and identify
Lie(G/Gx) with R so that the lattice defined by the kernel of Lie(G/Gx) −→ G/Gx
is identified with Z. Then we have π(R) = 1c . Hence Lemma 8.17 follows. 
We remark on the values of the contact moment map at closed orbits of the Reeb
flow. Let Φαi : Mi −→ Lie(T 2)∗ be the contact moment map for ρi for i = 0 and 1.
Lemma 8.18. We have Φα0(Σ0) = Φα1(Σ1) if (G0)Σ0 = (G1)Σ1 .
Proof. It suffices to compute Φα(Σ) from R and GΣ. Φα(Σ) is a covector which
defines the Lie algebra of GΣ. In fact, if we take a vector X in Lie(T
2) which
generates the identity component (GΣ)0 of GΣ and denote the infinitesimal action
of X by X , we have Φα(x)(X) = αx(Xx) = 0 for any point x in Σ by Xx = 0.
Φα(Σ) is contained in the affine space {v ∈ Lie(T 2)∗|v(R) = 1} of Lie(T 2)∗. Hence
Φα(Σ) is determined by the equation Φα(Σ)(R) = 1 among covectors defining the
Lie algebra of (GΣ)0. 
8.3.2. Connected isotropy group cases. We assume that (Gi)Σi is connected for
i = 0 and 1 in this subsubsection.
We show
Lemma 8.19. There exists an S1-subaction of T 2 which acts freely on an open
neighborhood of Σ.
Proof. By the assumption, Gx is isomorphic to S
1. Hence there exists an S1-
subgroup G′ of T 2 such that G′ × Gx = T 2. Then G′ acts freely on an open
neighborhood of Σ. 
Lemma 8.20. There exist two K-contact submanifolds containing Σ.
Proof. By Lemma 8.19, there exists an S1-subgroup G′ of T 2 such that G′ acts
freely on an open neighborhood of Σ. Fix a point x on Σ. Let E be the sym-
plectic normal bundle of Σ in (M,α). Then the isotropy group of Σ acts to the
fibers of E preserving the symplectic structure induced from dα. (Ex, dα|Ex) is
S1-equivariantly isomorphic to C2 with the standard symplectic structure and an
S1-action defined by
(241) s · (z1, z2) = (sm1z1, sm2z2)
where (m1,m2) is a pair of coprime integers. Since the G
′-action is free on an open
neighborhood of Σ, E has two T 2-invariant symplectic vector subbundles defined
by the equations z1 = 0 and z2 = 0. The proof is completed by Corollary 8.5. 
We take a coordinate to write α in a simple form near Σ. Fix an S1-subgroup
G′ of T 2 such that G′ acts freely on an open neighborhood of Σ. We change the
identification from G to T 2 so that G′ = {(t, s) ∈ T 2|s = 1} and GΣ = {(t, s) ∈
T 2|t = 1}. We put R = λ0 ∂∂s + λ1 ∂∂t . Since (M,α) is of rank 2, λ0 and λ1
are real numbers which are linearly independent over Q. The length of Σ is 1λ0 .
Fix a point x on Σ. Since the action of G′ is free, the isomorphism class of the
T 2-equivariant symplectic normal bundle E of Σ is determined by the isomorphism
class of (Ex, dα|Ex) as a S1-equivariant symplectic vector space. By the equivariant
Darboux theorem, (Ex, dα|Ex) is isomorphic to (C2,
√−1∑2j=1 dzj ∧ dzj) with the
S1-action defined by
(242) s · (z1, z2) = (sm1z1, sm2z2)
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for coprime integers (m1,m2).
Define a 1-form α0 on S
1 ×D4ǫ by
(243)
α0 =
1− λ1(m1|z1|2 +m2|z2|2)
λ0
dζ +
√−1
2
(z1dz1 − z1dz1) +
√−1
2
(z2dz2 − z2dz2).
α0 is a K-contact form of rank 2. S
1 × {0} is a closed orbit of the Reeb flow
of α0 of length
1
λ0
. The T 2-equivariant symplectic normal bundle of S1 × {0} is
isomorphic to the symplectic normal bundle of Σ. By Lemma 8.1 we have an open
neighborhood U of Σ, an open neighborhood V of S1 × {0} and a diffeomorphism
f : U −→ V such that α = f∗α0.
The Reeb vector field R0 of α0 is written as
(244) R0 = λ0
∂
∂ζ
+ λ1
(
m1
√−1
(
z1
∂
∂z1
− z1 ∂
∂z1
)
+m2
√−1
(
z2
∂
∂z2
− z2 ∂
∂z2
))
.
The T 2-action ρ0 associated with α0 is given by
(245) (t, s) · (ζ, z1, z2) = (tζ, sm1z1, sm2z2).
If we take an infinitesimal action
(246) X = s0
∂
∂ζ
+ s1
(
m1
√−1
(
z1
∂
∂z1
− z1 ∂
∂z1
)
+m2
√−1
(
z2
∂
∂z2
− z2 ∂
∂z2
))
of ρ0 which is not parallel to R0, then Φ0 = α0(X0) is written as
(247) Φ0 = m1
(
−s0λ1
λ0
+ s1
)
|z1|2 +m2
(
−s0λ1
λ0
+ s1
)
|z2|2 + s0
λ0
.
Let N1i and N
2
i be two K-contact submanifolds containing Σi for i = 0 and
1. Assume that N1i is contained in Φ
−1
i ((−∞,Φi(Σi)]) and N2i is contained in
Φ−1i ([Φi(Σi),∞)) for i = 0 and 1. If Σi is not contained in Bmin i nor Bmax i for
i = 0 and 1, we have
Lemma 8.21. There exists an isomorphism from an open neighborhood of Σ0 to
an open neighborhood of Σ1 mapping N
1
0 to N
1
1 if and only if (G0)Σ0 = (G1)Σ1 ,
I(ρ,N10 ) = I(ρ,N
1
1 ) and I(ρ,N
2
0 ) = I(ρ,N
2
1 ).
Proof. It suffices to show that the normal form of Σ is determined by R, I(ρ,N1),
I(ρ,N2) and GΣ. By Lemma 8.17, the isomorphism class of (Σ, α|Σ) is determined
by R and GΣ. By Lemma 8.1, it suffices to show that the given data determine the
isomorphism class of E as a T 2-equivariant symplectic vector bundle over Σ. By
Lemma 8.19, we take an S1-subgroup G′ of T 2 so that G′ acts freely on an open
neighborhood of Σ. Hence the isomorphism class of (Ex, dα|Ex) as a symplectic
vector space with an S1-action determines the isomorphism class of E. (Ex, dα|Ex)
is isomorphic to C2 with the standard symplectic structure and an S1-action defined
by
(248) s · (z1, z2) = (sm1z1, sm2z2)
where (m1,m2) is a pair of coprime integers. We can assume that N
1 is defined by
z2 = 0 and N
2 is defined by z1 = 0. For X given by (246), α(X) is written as
(249) α(X) = m1
(
−s0λ1
λ0
+ s1
)
|z1|2 +m2
(
−s0λ1
λ0
+ s1
)
|z2|2 + s0
λ0
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near Σ in the above coordinate on S1×D4ǫ . Then m1
(
− s0λ1λ0 + s1
)
is positive and
m2
(
− s0λ1λ0 + s1
)
is negative by the assumption. Since the G′-action is free near Σ,
we have |m1| = I(ρ,N1) and |m2| = I(ρ,N2). Hence m1 and m2 are determined
by the given data. Since the isomorphism class of (Ex, dα|Ex) is determined by m1
and m2, the proof is completed. 
Assume that
(i) Σ0 is contained in Bmin 0 and Σ1 is contained in Bmin 1 or
(ii) Σ0 is contained in Bmax 0 and Σ1 is contained in Bmax 1.
We have the following by the same argument as in the proof of Lemma 8.21:
Lemma 8.22. There exists an isomorphism from an open neighborhood of Σ0 to
an open neighborhood of Σ1 mapping N
1
0 to N
1
1 if and only if (G0)Σ0 = (G1)Σ1 ,
I(ρ,N10 ) = I(ρ,N
1
1 ) and I(ρ,N
2
0 ) = I(ρ,N
2
1 ).
8.3.3. General cases. Fix a point x on Σ. We identify G/Gx with Σ. Define Σ˜ =
G/(Gx)0 and denote the projection Σ˜ −→ G/Gx by p. Then p is a T 2-equivariant
finite cyclic covering with respect to the induced T 2-actions from the principal
action of G on G. Since GΣ˜ = (Gx)0, the isotropy group of the T
2-action induced
on p∗E at 0p∗E is (Gx)0. Hence we have
Lemma 8.23. There exists a T 2-equivariant finite cyclic covering p : Σ˜ −→ Σ such
that the isotropy group of the induced T 2-action on p∗E at 0p∗E is connected.
By Lemma 8.23, we can take a good coordinate near a closed orbit if we take a
finite covering of an open neighborhood.
The symplectic structure ω on C2 defined by ω =
√−1∑2j=1 dzj ∧ dzj is called
standard. We show
Lemma 8.24. The T 2-equivariant symplectic vector bundle E is isomorphic to the
trivial bundle S1 × C2 over S1 with the symplectic structure which is standard on
each fiber and the T 2-action defined by
(250) (t0, t1) · (ζ, z1, z2) = (tn00 ζ, tn10 tm11 z1, tn20 tm21 z2)
where n0 = I(ρ,Σ) and n1, n2,m1 andm2 are some integers which satisfy GCD(n0, n1, n2) =
1 and GCD(m1,m2) = 1.
Proof. We denote the projection G −→ G/Gx = Σ by π. Let g∗ : E×G −→ E×G
be the map defined as the product of ρ(g) : E −→ E and the left multiplication
map of g to G. We have the map χ : G × Ex −→ π∗E defined by χ(g, v) = g∗v
where g∗ : π∗E −→ π∗E is the restriction of g∗ : E × G −→ E × G to π∗E. Since
the symplectic structure on the fibers of E are preserved by ρ, χ is an isomorphism
as G-equivariant symplectic vector bundles. Hence E is obtained by the quotient
of the trivial G-equivariant vector bundle G× Ex by the action of Gx.
We fix a subgroup G′ of G so that G′ × (Gx)0 = G where (Gx)0 is the identity
component of Gx. Then G
′×G′∩GxEx has a structure of a G-equivariant symplectic
vector bundle by the G-action defined by g′h′[g, x] = [g′g, h′x] for g in G, g′ in G′,
h′ in (Gx)0 and x in Ex. The canonical injection G′×G′∩Gx Ex −→ G×Gx Ex is an
isomorphism of G-equivariant symplectic vector bundles. Hence E is the quotient
of the T 2-equivariant vector bundle G′ × Ex by a G′ ∩Gx-subaction σ.
FIVE DIMENSIONAL K-CONTACT MANIFOLDS OF RANK 2 91
We fix a metric on Ex which is compatible with dα|∧2Ex and invariant under Gx.
We regard Ex as a complex vector space with a symplectic form. We fix a basis
{v1, v2} of Ex so that Ex is identified with C2 with the standard Euclidean metric
and the standard symplectic structure. The action of Gx on Ex is unitary. Since
Gx is abelian, we can conjugate the action of Gx so that the image of Gx −→ U(2)
is contained in the group of diagonal matrices by the simultaneous diagonalization.
Hence there exist homomorphisms φi : Gx −→ C for i = 0, 1 such that the action
of Gx is written as g · (w1, w2) = (φ1(g)w1, φ2(g)w2) for each g in Gx and (w1, w2)
in C2. For ξ in G′ ∼= S1, the G-action on G′ × Ex is written as
(251) (t0, t1) · (ξ, w1, w2) = (t0ξ, tm11 w1, tm21 w2)
for some integers m1 and m2 where G
′ = G′× (Gx)0 . The G′ ∩Gx-subaction σ on
G′ × Ex is written as
(252) s · (ξ, w1, w2) = (sl0ξ, sl1m1w1, sl1m2w2)
for a positive integer l0 and an integer l1 where s is a generator of Z/kZ. Since σ is
free, l0 satisfies GCD(l0, k) = 1. By changing the generator of Z/kZ, we can write
σ as
(253) u · (ξ, w1, w2) = (uξ, u−n1w1, u−n2w2)
for integers n1 and n2 where u is a generator of Z/kZ. We have a diffeomorphism
f from G′ ×G′∩Gx Ex = E to S1 × R4 induced from a map f defined on G′ × Ex
by f(ξ, w1, w2) = (ξ
k, ξn1w1, ξ
n2w2). Since ρ is induced from ρ˜, ρ is written in the
new coordinate (ζ, z1, z2) = (ξ, ξ
n1w1, ξ
n2w2) on G
′ ×G′∩Gx Ex as
(254) (t0, t1) · (ζ, z1, z2) = (tk0ζ, tn10 tm11 z1, tn20 tm21 z2).
The conditions GCD(n0, n1, n2) = 1 and GCD(m1,m2) = 1 follow from the effec-
tiveness of ρ. Note that since σ preserves the symplectic structure on G′ ×Ex, the
symplectic structure on E is standard with respect to the coordinate (z1, z2) on
each fiber. 
Lemma 8.25. There exist two K-contact submanifolds containing Σ.
Proof. By Lemma 8.24, E is isomorphic to the trivial bundle S1×C4 over S1 with
the T 2-action defined by
(255) (t0, t1) · (ζ, z1, z2) = (tn00 ζ, tn10 tm11 z1, tn20 tm21 z2)
for some integers n0, n1, n2,m1 and m2. S
1 × C4 has two T 2-invariant symplectic
vector subbundles E1 and E2 defined by the equations z1 = 0 and z2 = 0. The
claim follows from Corollary 8.5. 
The S1-action on C defined by s · z = sz for s in S1 is called standard. Let H
be a 1-dimensional Lie group. For a 1-dimensional complex nondiscrete H-action
σ, we define the signature s(σ) of the weight of σ by s(σ) = 1 if the induced action
of H/ kerσ on C is standard, s(σ) = −1 if the induced action of H/ kerσ on C is
not standard. The following lemma is clear:
Lemma 8.26. Two 1-dimensional complex nondiscrete H-actions σ0 and σ1 are
isomorphic if and only if the kernels and the signatures of the weights of σ0 and σ1
are equal.
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Let N0i and N
1
i be two K-contact submanifolds containing Σi for i = 0 and
1. Assume that N1i is contained in Φ
−1
i ((−∞,Φi(Σi)]) and N2i is contained in
Φ−1i ([Φi(Σi),∞)) for i = 0 and 1. If Σi is neither contained in Bmin i nor in Bmax i
for i = 0 and 1, we have the following:
Lemma 8.27. There exists an isomorphism from an open neighborhood of Σ0 to
an open neighborhood of Σ1 mapping N
0
0 to N
0
1 if and only if (G0)Σ0 = (G1)Σ1 and
(G0)Nj0
= (G1)Nj1
for j = 0 and 1.
Proof. It suffices to show that the normal form of Σi is determined by Ri, (Gi)Σi ,
(Gi)N0
i
and (Gi)N1
i
for i = 0 and 1. Since we argue on each i = 0 and 1 separately,
we omit the subscript i in the following argument. By Lemma 8.17, the isomorphism
class of (Σ, α|Σ) is determined by R and GΣ.
We will show that the T 2-equivariant symplectic normal bundle E of Σ is deter-
mined by the given data. By the slice theorem, the T 2-equivariant normal bundle
of Σ is determined by GΣ and the action of GΣ on a fiber Ex of E over a point
x in Σ. Hence it suffices to show that the symplectic representation of GΣ on Ex
is determined by the given data. By Lemma 8.25, the GΣ-action on Ex is decom-
posed into a direct sum of two 2-dimensional symplectic linear representations as
Ex = ((TN
1)dα)x⊕ ((TN2)dα)x where N1 and N2 are the K-contact submanifolds
containing Σ and (TN j)dα is the symplectic normal bundle of N j in (M,α) for
j = 1 and 2. Fix complex structures on TN1x and TN
2
x which is compatible with
symplectic structures and invariant under GΣ. Note that the actions of GΣ on TN
1
x
and TN2x are not discrete by the assumption, since the kernels of the direct sum-
mands are GN1 and GN2 . Since the signatures of weights are determined by the
assumption on N ji using the expression of α on a finite covering of an open tubular
neighborhood as in the argument in the last part of the proof of Lemma 8.21, the
isomorphism classes of direct summands are determined as unitary representations
by the given data by Lemma 8.26. 
Assume that
(i) Σ0 is contained in Bmin0 of dimension 1 and Σ1 is contained in Bmin1 of
dimension 1 or
(ii) Σ0 is contained in Bmax 0 of dimension 1 and Σ1 is contained in Bmax 1 of
dimension 1.
In these cases, the action of the isotropy group is decomposed into a direct sum
of two 2-dimensional symplectic nondiscrete linear representations. Hence we have
the following by the same argument as in the proof of Lemma 8.27:
Lemma 8.28. There exists an isomorphism from an open neighborhood of Σ0 to
an open neighborhood of Σ1 mapping N
0
0 to N
0
1 if and only if (G0)Σ0 = (G1)Σ1 ,
(G0)N00 = (G1)N01 and (G0)N10 = (G1)N11 .
Assume that
(i) Σ0 is contained in Bmin0 of dimension 3 and Σ1 is contained in Bmin1 of
dimension 3 or
(ii) Σ0 is contained in Bmax 0 of dimension 3 and Σ1 is contained in Bmax 1 of
dimension 3.
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We denote Bmax i or Bmin i containing Σi by Bi for i = 0 and 1. Let N
i be a
K-contact submanifold containing Σi other than Bi for i = 0 and 1. We denote
the Seifert fibration on Bi defined by the orbits of ρi by Fi for i = 0 and 1.
Lemma 8.29. There exists an isomorphism from an open neighborhood of Σ0 to
an open neighborhood of Σ1 mapping N
0 to N1 if and only if (G0)Σ0 = (G1)Σ1 ,
(G0)N0 = (G1)N1 and the Seifert invariant of F0 at Σ0 is equal to the Seifert
invariant of F1 at Σ1.
Proof. The proof is similar to the proof of Lemma 8.27. It suffices to show that the
normal form of Σi is determined by Ri, (Gi)Σi , (Gi)N and the Seifert invariant of
Fi at Σi for each i = 0 and 1. Since we argue on each i = 0 and 1 separately, we
omit the subscript i in the following argument. By Lemma 8.17, the isomorphism
class of (Σ, α|Σ) is determined by R and GΣ.
We will show that the T 2-equivariant symplectic normal bundle E of Σ is deter-
mined by the given data. By the slice theorem, the T 2-equivariant normal bundle
of Σ is determined by GΣ and the action of GΣ on the fiber Ex of E over a point
x in Σ. Hence it suffices to show that the symplectic representation of GΣ on Ex
is determined by the given data. By the assumption, the GΣ-action on Ex is de-
composed into a direct sum of two 2-dimensional symplectic linear representations
as Ex = TNx ⊕ TBx. Note that the actions of GΣ on TNx is not discrete by
the assumption. Since the signature of the weight of the actions of GΣ on TNx is
determined by the assumption on N ji using the expression of α on a finite covering
of an open tubular neighborhood as the argument in the last part of the proof of
Lemma 8.21, the isomorphism classes of direct summands are determined as uni-
tary representations by the given data by Lemma 8.26. Hence it suffices to show
that the action of GΣ on TBx is determined by the given data. First, we show
that GB = (GΣ)0. GB is contained in GΣ clearly. Since GB acts on a fiber of the
normal bundle of B effectively, GB is isomorphic to a subgroup of SO(2). Since
GB is of dimension 1, GB is isomorphic to S
1. Hence we have GB = (GΣ)0. Then
the action of GΣ on TBx factors the action of GΣ/(GΣ)0 = GΣ/GB on TBx. Since
the action of GΣ/GB on TBx is determined by the Seifert invariant of F at Σ, the
proof is completed. 
Assume that Σ is neither contained in Bmin nor in Bmax. Let N
1 and N2 be the
two K-contact submanifolds containing Σ. We have
Lemma 8.30. I(ρ,Σ) = GCD(I(ρ,N1), I(ρ,N2)).
Proof. By Lemmas 8.5 and 8.24, we have a coordinate on an open neighborhood of
Σ such that ρ is written as
(256) (t, s) · (ζ, z1, z2) = (tn0ζ, tn1sm1z1, tn2sm2z2)
where n1, n2,m1 andm2 are integers satisfying GCD(n0, n1, n2) = 1, GCD(m1,m2) =
1 and n0 = I(ρ,Σ). N
1 and N2 are defined by the equations z1 = 0 and z2 = 0
respectively in the above coordinate (ζ, z1, z2), because their tangent bundles are
invariant under ρ. By the assumption, m1 and m2 are nonzero. Since we have
I(ρ,N1) = |n0m2| and I(ρ,N2) = |n0m1|, the proof is completed. 
8.4. Normal forms of K-contact lens spaces and gradient manifolds. A
gradient manifold of a 5-dimensional K-contact manifold of rank 2 is a K-contact
manifold of rank 2. The closures of gradient manifolds are not submanifolds of
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M in general near Bmin or Bmax of dimension 1. Since the limit set of a gradient
manifold is the union of two different closed orbits of the Reeb flow, we can obtain
normal forms of gradient manifolds by the normal form theorem of closed orbits.
We fix an isomorphism Gi −→ T 2 and identify Gi with T 2 for i = 0 and 1. Let
Ri denote the element of Lie(T
2) corresponding to the Reeb vector field of αi for
i = 0 and 1. We assume R0 = R1 and denote them by R. We fix X in Lie(T
2)
which is not parallel to R. Put Φi = αi(X) where X is the infinitesimal action
of X. The maximal component and the minimal component of Φi are denoted by
Bmax i and Bmin i, respectively, for i = 0 and 1.
Let Li be a gradient manifold of Φi in (Mi, αi) for i = 0 and 1. Let Σ
0
i be the
α-limit set of Li, and Σ
1
i be the ω-limit set of Li. Let N
1
i be the closure of Li in
Mi for i = 0 and 1.
A diffeomorphism f from an open neighborhood U0 of L0 to an open neigh-
borhood U1 of L1 is said to be an isomorphism if f(L0) = L1, f
∗α1 = α0 and
f(ρ0(x, g)) = ρ1(f(x), g) for every x in U0 and every g in T
2.
8.4.1. Smooth cases. Assume that N1i is a smooth submanifold of Mi for i = 0 and
1. Let N0i be a 3-dimensional K-contact submanifold containing Σ
0
i other than N
1
i
for i = 0 and 1. Let N2i be a 3-dimensional K-contact submanifold containing Σ
1
i
other than N1i for i = 0 and 1. The existence of N
0
i and N
2
i for i = 0 and 1 follows
from Lemma 8.20. Note that N0i and N
2
i can be Bmin i or Bmax i of dimension 3 for
i = 0 and 1.
We prepare a lemma.
Lemma 8.31. Let (N0, α0) and (N1, α1) be two connected 3-dimensional K-contact
manifolds of rank 2. We fix an isomorphism Gi −→ T 2. We assume that R0 = R1
where Ri is the element of Lie(T
2) corresponding to the Reeb vector field of αi for
i = 0 and 1. We denote R0 and R1 by R. We denote the contact moment map of
(Ni, αi) by Φαi for i = 0 and 1.
Let Ui and Vi be open sets of Ni invariant under the Reeb flow of αi for i = 0, 1.
Let f be an isomorphism from (V0, α0|V0) to (V1, α1|V1). Assume that
(i) U i is contained in Vi,
(ii) Ni − Ui is connected and
(iii) Ui and Vi have two connected components.
Then we have an isomorphism f˜ : (N0, α0) −→ (N1, α1) such that f˜0|U0 = f .
Proof. First, we show that each fiber of Φαi is an orbit of ρi. Note that each
connected component of the fibers of Φαi is an orbit of ρi. It is because the orbits
of ρi are of codimension 1 in Ni and the contact moment map Φαi is a submersion
on the union of orbits with trivial isotropy group of ρi by Lemma 3.18. Hence it
suffices to show that each fiber of Φi is connected. Fix an infinitesimal action Yi0 of
ρi so that every orbit of the flow generated by Yi0 is closed. We denote the S
1-action
generated by Yi0 by ρ
′
i. We put α
′
i =
1
α′
i
(Yi0)
α. Then dα′i induces a symplectic form
on the orbifold Ni/ρ
′
i. ρi induces an S
1-action ρi on Ni/ρ
′
i. We show that ρi is
a hamiltonian S1-action on (Ni/ρ
′
i, dα
′
i). Let Zi be an infinitesimal action of ρi.
Then there exists an infinitesimal action Zi of ρi such that π∗Zi = Zi, where π is
the canonical projection Ni −→ Ni/ρ′i. Note that α(Zi) is constant on the orbits
of ρi and can be regarded as a smooth function on Ni/ρ
′
i. The 1-form ι(Zi)dα
′ is
basic with respect to ρ′ and can be regarded as a 1-form on Ni/ρ′i. ι(Zi)dα
′ is equal
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to ι(Zi)dα
′ as a 1-form on Ni/ρ′i. Since LZiα
′ = 0, we have d(α′(Zi)) = −ι(Zi)dα′,
which implies that ρ is hamiltonian. The fibers of the hamiltonian function α′(Zi)
on Ni/ρ
′
i is the quotient of the fibers of the contact moment map on (Ni, αi) by
ρ′. Hence to show that a fiber of Φi is connected, it suffices to show that the the
fiber of the hamiltonian function α′(Zi) on Ni/ρ′i is connected. This follows from
the connectivity of the fibers of the moment map of symplectic orbifolds. We refer
[21].
Since Ui is invariant under the Reeb flow and the fiber of Φαi is an orbit of ρi,
(257) Φαi(Ui) ∩ Φαi(Ni − Ui) = ∅
for i = 0 and 1. Assume that Φαi(Ui) ∩ Φαi(Ni − Ui) contains a point xi0. Since
Φ−1αi (xi0) is an orbit of ρi, Φ
−1
αi (xi0) is contained in Ui ∩ (Ni−Ui) by the invariance
of Ui under the Reeb flows. It is contradiction. Hence (257) is proved.
We show
(258) Φα0(N0) = Φα1(N1).
In fact, we show that the assumption implies that Φαi(Ni) is the convex hull of
Φαi(Ui) for i = 0 and 1. Note that the image of Φα0 and Φα1 are contained in a
1-dimensional affine space {v ∈ Lie(T 2)∗|v(R) = 1} of Lie(T 2)∗. Φαi(Ni − Ui) is
a connected interval in Φαi(Ni). Hence the number of the connected components
of Φαi(Ui) is one or two. If the number of the connected components of Φαi(Ui)
is two, Φαi(Ni) is the convex hull of Φαi(Ui) clearly. Assume that the number
of the connected component of Φαi(Ui) is one. Let U
1
i and U
2
i be the connected
components of Ui. Since a fiber of Φα0 and Φα1 is an orbit of ρi for i = 0 and 1,
U1i ∩ U2i = ∅, and it is contradiction. Hence (258) is proved.
Since f |U0 : U0 −→ U1 is an isomorphism, we have Φα1 ◦ f = Φα0 . Then we have
(259) Φα0(U0) = Φα1(U1).
By (257), (258) and (259), we have
(260) Φα0(N0 − U0) = Φα1(N1 − U1).
We put S = Φα0(N0−U0) = Φα1(N1−U1). We have a 3-dimensional K-contact
manifold (T 2 × S, β) of rank 2 where β is defined by
(i) β( ∂∂s ) = 0 where
∂
∂s is the basis of the tangent space of S in the product
T 2 × S and
(ii) β|p−1(s) = s for s in S where we regard s as a 1-form on T 2.
Then the image of the contact moment map of (T 2 × S, β) is S. By Lemma 4.9
and Proposition 5.2 of [18], two 3-dimensional K-contact manifolds of rank 2 are
isomorphic if the images of the contact moment maps are the same convex sets.
Hence (N0 −U0, α0|N0−U0) and (N1−U1, α1|N1−U1) are isomorphic to (T 2 × S, β).
We put R0 = R1 = a
∂
∂x + b
∂
∂y for real numbers a and b. We put a coordinate
s = s1dx + s2dy on Lie(T
2)∗. Then S is defined by the equation as1 + bs2 = 0. If
we put s1 =
cos t
a cos t+b sin t and s2 =
sin t
a cos t+b sin t , β is written as β =
dx(cos t)+dy(sin t)
a cos t+b sin t .
We identify (N0−U0, α0|N0−U0) and (N1−U1, α1|N1−U1) with (T 2×S, β) respec-
tively. Then f is regarded as an isomorphism f from an open neighborhood of the
boundary of (T 2 × S, β) to an open neighborhood of the boundary of (T 2 × S, β).
To prove Lemma 8.31, it suffices to show that f extends to (T 2 × S, β) as an iso-
morphism. Since f commutes with contact moment maps and is T 2-equivariant,
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f is written as f(x, y, t) = (x + f1(t), y + f2(t), t) where f1 and f2 are functions
on S defined only near the boundary of S. Note that for a diffeomorphism F on
T 2×S written as F (x, y, t) = (x+F1(t), y+F2(t), t), we have F ∗β = β if and only
if F ′1(t) cos t+F
′
2(t) sin t = 0. Hence to extend f , it suffices to show that f1 and f2
extend to S satisfying f
′
1(t) cos t+ f
′
2(t) sin t = 0.
We denote the endpoints of S by s0 and s1. We put the values of the parameter t
at sj by tj for j = 0 and 1. First, take a smooth function f˜1 on S whose restriction
to an open neighborhood of t = t0 coincides with f1 and whose restriction to open
neighborhoods of the points t = 0 and t = π is equal to cos t if t = 0 or t = π is
contained in the interior of the domain of f˜1. Then there exists a unique smooth
function f˜2 which satisfies
(i) f˜ ′1(t) cos t+ f˜
′
2(t) sin t = 0 and
(ii) f˜2|W0 = f2|W0
where W0 is an open neighborhood of s0. Since the derivation of f˜2|W1 and f2|W1
are equal, we have a constant c such that f˜2|W1 − f2|W1 = c where W1 is an open
neighborhood of s1 contained in the domain of f2. c is determined by f˜1. To extend
f1 and f2 on S, it suffices to choose f˜1 so that the constant c is zero. We show that
there exists a smooth function r on S such that f˜1+r satisfies the desired condition.
Choose an interval [w0, w1] in S which does not contain parameters t = 0 nor t = π
and does not intersect W0 nor W1. Take a nonzero smooth function r1 on S whose
support is compact in (w0, w1) and satisfies
∫ t1
t0
r′1(t)
cos t
sin t dt = 1. Put r(t) = −cr1(t).
Then we have
∫ t1
t0
r′(t) cos tsin t dt = −c. Let fˆ2 be the unique smooth function on S
which satisfies (f˜ ′1(t)+ r(t)) cos t+ fˆ
′
2(t) sin t = 0 and fˆ2|W0 = f2|W0 . Then we have
f˜2|W1 − f2|W1 = c−
∫ t1
t0
r′(t) cos tsin t dt = 0. Hence the proof is completed. 
We have
Lemma 8.32. There exists an isomorphism from (N10 , α|N10 ) to (N11 , α|N11 ) map-
ping Σ00 to Σ
0
1 if and only if (G0)Σj0
= (G1)Σj1
for j = 0 and 1.
Proof. It suffices to show that the isomorphism class of (N1i , α|N1i ) is determined
by Ri, GΣ0
i
and GΣ1
i
for i = 0 and 1. Since we argue on each i = 0 and 1
separately, we omit the subscript i in the following argument. (N1, α|N1) is a 3-
dimensional contact toric manifold. By the classification theorem of 3-dimensional
contact toric manifold by Lerman [18], the isomorphism class of a 3-dimensional
contact toric manifold is determined by the maximum value and the minimum value
of the contact moment map. By Lemma 8.18, the maximum and minimum values
of contact moment map on N1 are determined by R, GΣ0 and GΣ1 . Hence Lemma
8.32 is proved. 
Let Aj be an open tubular neighborhood of Σ
0
0 in M0 for j = 1 and 2 and
f0 : A2 −→M1 be a diffeomorphism into M1. Assume that
(i) f0(A2 ∩N0) = f0(A2) ∩N1,
(ii) α0|A2 = f0∗α1|A2 ,
(iii) Aj is invariant under the Reeb flows of α0|A2 and f0∗α1|A2 and
(iv) the closure of A1 is contained in A2.
We show
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Lemma 8.33. There exists an isomorphism f from an open neighborhoods of N10
to an open neighborhood of N11 which maps Σ
0
0 to Σ
0
1 and satisfies f |A1 = f0|A1 if
and only if (G0)Σj0
= (G1)Σj1
for j = 0, 1 and (G0)Nj0
= (G1)Nj1
for j = 0, 1, 2.
Proof. By Lemmas 8.7 and 8.8, it suffices to construct an isomorphism φ : N10 −→
N11 and the isomorphism q between T
2-equivariant symplectic normal bundles of
N10 and N
1
1 which covers φ such that φ|A′1 = f0|A′1 and the restriction of q on A′1
is induced from f0 for an open neighborhood A′1 of A1.
We construct φ. By Lemma 8.32, we have an isomorphism φ′ : N10 −→ N11 .
f ◦ φ′−1 is an isomorphism from an open neighborhood φ(U) to φ′(U) where U is
an open neighborhood of A1 in N
1
0 . By Lemma 8.31, there exists an isomorphism
φ′′ : N11 −→ N11 such that φ′′|A′1 = f ◦ φ′−1|U . We put φ = φ′ ◦ φ′′. Then φ is an
isomorphism φ : N10 −→ N11 such that φ|A′1 = f0|A′1 .
We construct q. Since the normal bundles of N10 and N
1
1 are vector bundles
of rank 2, the symplectic structures on fibers of the normal bundles of N10 and
N11 are volume forms. Hence to construct an isomorphism as symplectic vector
bundles between the normal bundles of N10 and N
1
1 , it suffices to construct an
isomorphism q between their underlying oriented T 2-equivariant vector bundles.
We have an α0-preserving T
3-action τ0 on an open neighborhood of N
1
0 by Lemma
8.12. Conjugating the restriction of τ0 to A
′
1 by f , we have an α1-preserving T
3-
action τ1 on an open neighborhood of Σ
0
1 such that τ0 = f
−1 ◦ τ1 ◦ f . The generic
orbit of τi in N
1
i is diffeomorphic to T
2. Let C0 be a T
2-orbit of τ0 in N
1
0 ∩ A′1.
We fix the Heegaard decomposition of N10 of genus 1 which is invariant under τ0
such that C0 is the boundary of two solid tori. We fix the Heegaard decomposition
of N11 of genus 1 by mapping the Heegaard decomposition of N
1
0 by f as in the
following diagram:
(261) S1 ×D2
##H
HH
HH
HH
HH
))RR
RR
RR
RR
RR
RR
RR
RR
N10
f
// N11 .
S1 ×D2
;;vvvvvvvvv
55llllllllllllllll
Cutting the total space E0 of the normal bundle of N
1
0 along the union of fibers
over C0, we have a τ -invariant decomposition of E0 defined by
(262) E0 = (S
1 ×D2)0 × R2 ∪A˜0 (S1 ×D2)1 × R2
such that τ0 is written as
(263) t · (ζ, z1, z2) = (lj00(t)ζ, lj01(t)z1, lj02(t)z2)
on (S1 × ∂D2)j × R2 for every t in T 3 where lj00, lj01 and lj02 are homomorphisms
from T 3 to S1 for j = 0 and 1. The attaching map A˜0 : (S
1 × ∂D2)0 × R2 −→
(S1 × ∂D2)1 × R2 is written as
(264) A˜0(ζ, z1, z2) = (ζ
azb1, ζ
czd1 , ζ
e0ze01 z
f0
2 )
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with respect to the standard coordinates. Note that the map A0 : (S
1× ∂D2)0 −→
(S1 × ∂D2)1 defined by
(265) A0(ζ, z1) = (ζ
azb1, ζ
czd1)
is the attaching map of the Heegaard decomposition of N10 of genus 1. The deter-
minant of A0 is −1.
We decompose the total space E1 of the normal bundle of N
1
0 along the union
of fibers over f(C0) as
(266) E1 = (S
1 ×D2)0 × R2 ∪A˜1 (S1 ×D2)1 × R2.
Using the coordinate
(267) (S1 ×D2)0 × R2 // E0
f∗ // E1
as the coordinate near Σ10, τ1 is written as
(268) t · (ζ, z1, z2) = (lj10(t)ζ, lj11(t)z1, lj12(t)z2)
on (S1× ∂D2)j ×R2 for every t in T 3 where lj10(t), lj11(t) and lj12(t) are homomor-
phisms from T 3 to S1 for j = 0 and 1.
Since the Heegaard decomposition of N10 is mapped to the Heegaard decompo-
sition of N11 by φ, the attaching map A˜1 : (S
1 × ∂D2)0 ×R2 −→ (S1 × ∂D2)1 ×R2
is written as
(269) A˜1 =

 a b 0c d 0
e1 f1 1


with respect to the standard coordinates where A1 = A0 =
(
a b
c d
)
: (S1×∂D2)0 −→
(S1× ∂D2)1 is the attaching map of the Heegaard decomposition of N11 of genus 1.
The determinant of A1 is −1.
Since f is T 3-equivariant and we took the decomposition by the coordinates
(261) and (267), the following equations are satisfied:
(270) l000 = l
0
10, l
0
01 = l
0
11, l
0
02 = l
0
12, l
1
00 = l
1
10, l
1
01 = l
1
11.
Let ρi be given as
(271) (t0, t1) · (z1, ζ, z2) = (tq
j
i
0 t
pj
i
1 z1, t
sj
i
0 t
rj
i
1 ζ, t
uj
i
0 t
vj
i
1 z2)
on (S1 × ∂D2)j × R2 so that det
(
sj0 r
j
0
qj0 p
j
0
)
is positive for j = 0, 1 and i = 0, 1.
Then we have
(272) q00 = q
0
1 , p
0
0 = p
0
1, s
0
0 = s
0
1, t
0
0 = t
0
1, u
0
0 = u
0
1, v
0
0 = v
0
1
by (270).
For i = 0 and 1, the T 2-equivariant normal bundle ofN1i is determined by
(
sj
i
qj
i
uj
i
)
,(
rji
pj
i
vj
i
)
and A˜i for j = 0, 1. Note that since the attaching map A˜i respects ρi for
FIVE DIMENSIONAL K-CONTACT MANIFOLDS OF RANK 2 99
i = 0 and 1 we have
(273)

s1iq1i
u1i

 = A˜i

s0iq0i
u0i

 ,

r1ip1i
v1i

 = A˜i

r0ip0i
v0i

 .
Hence by (273),
(
s1i
q1i
u1i
)
and
(
r1i
p1i
v1i
)
are determined by
(
s0i
q0i
u0i
)
,
(
r0i
p0i
v0i
)
and A˜i. Hence
to construct q, by (272), it suffices to show e0 = e1 and f0 = f1. Then Lemma 8.33
follows from Lemma 8.34 below. 
Lemma 8.34. We drop the index i in the notation in the proof of Lemma 8.33.
We put k0 = I(ρ,N0), k1 = I(ρ,N1) and k2 = I(ρ,N2). We put
(274) h0 = det
(
s0 r0
u0 v0
)
, h1 = det
(
s1 r1
u1 v1
)
.
We have equations
(275)
(be− af)k1 = −k2 + ak0 − bh0,
(de− cf)k1 = h1 + ck0 − dh0.
Proof. We have
(276)
−k0 = det
(
q0 p0
u0 v0
)
, k1 = det
(
s0 r0
q0 p0
)
= − det
(
s1 r1
q1 p1
)
,−k2 = det
(
q1 p1
u1 v1
)
by the definition of k0, k1 and k2.
Substituting (273) to the third equation of (276), we have
(277) − k2 = (be− af)k1 − ak0 − bh0.
Substituting (273) to the second equation of (274), we have
(278) h1 = (de − cf)k1 − ck0 + dh0.

8.4.2. Nonsmooth cases. Assume that the closure N1i of Li is not a smooth sub-
manifold of Mi for i = 0 and 1. Then we have I(ρi, Li) = 1 for i = 0 and 1 by
Lemma 3.9.
Assume that there exist a ρi-invariant open tubular neighborhood U
j
i of Σ
j
i for
i = 0, 1 and j = 0, 1 and an isomorphism f j : (U j0 , α0|Uj0 ) −→ (U
j
1 , α1|Uj1 ) such that
f j(L0 ∩ U j0 ) = L1 ∩ U j1 for j = 0 and 1.
Lemma 8.35. There exist an open neighborhood Ui of Li for i = 0 and 1 and an
isomorphism f : (U0, α0|U0) −→ (U1, α1|U1) such that f(L0) = L1 and f |W j∩U0 =
f j|W j∩U0 for an open neighborhood W j of Σj0 for j = 0 and 1.
Proof. By Lemma 8.31, there exist an open neighborhood Ui of Li for i = 0, 1 and
a diffeomorphism f : U0 −→ U1 such that f(L0) = L1 and (f |L0∪U00∪U01 )∗α1 = α0.
Let Ei be the T
2-equivariant symplectic normal bundles of Li − U0i ∪ U1i in
(Mi−U0i ∪ U1i , αi) for i = 0 and 1. By Lemma 8.7, to prove Lemma 8.35 it suffices
to show that E0 and E1 are isomorphic by an isomorphism whose restriction near Σ
j
0
covers f j. Since E0 and E1 are vector bundles of rank 2, the symplectic structures
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on fibers of E0 and E1 are volume forms. Hence to construct an isomorphism as T
2-
equivariant symplectic vector bundles between E0 and E1, it suffices to construct
an isomorphism q between their underlying oriented T 2-equivariant vector bundles.
Li − (U0i ∪ U1i ) is T 2-equivariantly diffeomorphic to T 2 × [0, 1] for i = 0 and 1.
Since every T 2-equivariant vector bundle over T 2 × [0, 1] is trivial, Ei|Li−U0i ∪U1i
is isomorphic to the trivial T 2-equivariant vector bundle over T 2 × [0, 1] for i =
0 and 1. Using these trivializations, we can extend the isomorphism E0|U10 −→
E0|U11 induced from f1 to an isomorphism φ : E0|L0−U00 −→ E1|L1−U01 . We have an
isomorphism ψ : E0|U00 −→ E1|U01 induced from f0. To construct an isomorphism
from E0 to E1 from φ and ψ, it suffices to show that the diagram
(279) E0|∂(L0−U00 )
φ
//
A0

E1|∂(L1−U01 )
A1

E0|∂U00 E1|∂U01ψ−1
oo
commutes where Ai is the attaching map of Ei for i = 0 and 1. By the assumption,
A0 and ψ
−1 ◦ A1 ◦ φ is T 2-equivariant bundle maps from a trivial T 2-equivariant
vector bundle over T 2 to itself. Since such map is unique, we have A0 = ψ
−1◦A1◦φ.
The proof is completed. 
Assume that Bmin i is a closed orbit of the Reeb flow for i = 0 and 1. Let gi
be a metric on Mi compatible with αi for i = 0 and 1. Let Σ
j
i is a closed orbit of
the Reeb flow of αi for j = 1, 2, · · · , l and i = 0 and 1. Let Lji be the gradient
manifold with respect to gi whose ω-limit set is Σ
j
i . Assume that I(ρi, L
j
i ) = 1
and the α-limit set of Lji is Bmin i. Assume that g0 is Euclidean with respect to a
coordinate on a finite cover of an open neighborhood of Bmin0 which represents α as
(243). Assume that we have an open neighborhood Vi of ∪lj=1Σji ∪Bmin i for i = 0,
1 and an isomorphism fmin : (V0, α0|V0) −→ (V1, α1|V1) which satisfies g0 = f∗g1.
Lemma 8.36. There exists an open neighborhood U0 of ∪lj=1Lj0, an open neigh-
borhood U1 of ∪lj=1Σj1∪Bmin 1 and an isomorphism f : U0 −→ U1 such that f |W0 =
fmin|W0 for an open neighborhood W0 of ∪lj=1Σj0 ∪Bmin0.
Proof. First, we show that there exists a metric g′1 on M1 compatible with α1 such
that g0 = f
∗
min(g
′
1|W0) and Lj0∩f−1min(W0) = f−1min(L′j1 ∩W0) for an open neighborhood
W0 of ∪lj=1Σj1∪Bmin 1, where L′j1 is the gradient manifold with respect to g′1 whose
ω-limit set is Σj1.
Since fmin is an isometry on V0, there exists an open neighborhood V
′
1 of ∪lj=1Σj1
in V1 for i = 0, 1 such that L
j
0 ∩ f−1min(V ′1 ) = f−1min(L′j1 ∩ V ′1). We modify g1 on
an open neighborhood of the boundary of a tubular neighborhood of Bmin1 to
obtain g′1 satisfying the above conditions. We define an R>0-action σ on an open
neighborhood of Bmin i conjugating the linear R>0-action on the orthogonal normal
bundle of Bmin i by the exponential map with respect to gi for i = 0 and 1. Since g1
is Euclidean with respect to a coordinate on a finite cover of an open neighborhood
of Bmin0 which represent α as (243), the gradient manifolds are invariant under σi.
Hence the space of gradient manifold whose α-limit set is Bmin 1 is (S
1 × S3)/ρ1,
which is diffeomorphic to a 2-dimensional orbifold S with at most two singular
FIVE DIMENSIONAL K-CONTACT MANIFOLDS OF RANK 2 101
points. We denote the points in S corresponding to fmin(L
j
0) and L
j
1 by [fmin(L
j
0)]
and [Lj1] respectively. There exist small positive numbers δ, ǫ, ǫ
′ and an isotopy
{ψt}t∈[ǫ,ǫ′] on S such that ǫ < ǫ + δ < ǫ′ − δ < ǫ′ and ψt is the identity for t
in [ǫ, ǫ + δ], ψt is a diffeomorphism ψ such that ψ([L
j
1]) = [fmin(L
j
0)] for j = 1,
2, · · · , l for t in [ǫ′ − δ, ǫ′]. Let {Yt}t∈[ǫ,ǫ′] be vector fields on S which generate
{ψt}t∈[ǫ,ǫ′]. We fix a trivialization φ : (S1×S3× [ǫ, ǫ′])/ρ1 −→ S× [ǫ, ǫ′] as a family
of orbifolds diffeomorphic to S by using σi. Let Y be a vector field on S × [ǫ, ǫ′]
defined by Y(x,t) = (Yt)x for x in S and t in [ǫ, ǫ
′]. We define a vector field Y ′ on
(S1×S3× [ǫ, ǫ′])/ρ1 by Y ′ = (φ∗)−1Y . We take a lift Y˜ of Y ′ on S1×S3× [ǫ, ǫ′] so
that Y˜ is tangent to kerα1 and invariant under ρ1. We put Z = Y˜ + gradΦ1. We
show that Z is realized as the vector field generating the gradient flow with respect
to a metric g′1 on M compatible with α1 such that g0 = f
∗
min(g
′
1|W1) for an open
neighborhoodW1 of ∪lj=1Σj1∪Bmin1. It suffices to show that there exists a complex
structure J ′ on kerα1 which satisfies J ′|W1 = J |W1 for an open neighborhood W1
of ∪lj=1Σj1 ∪ Bmin1 and defines a metric with the symplectic structure dα1 and
J ′X = Z by (12). We have dα1(Z,X) = ZΦ1 on S1 × S3 × [ǫ, ǫ′]. Since ZΦ1 is
positive by the construction of Z, the vector bundle RZ ⊕ RX is symplectic on
S1 × S3 × [ǫ, ǫ′]. Hence we have J ′ satisfying the desired conditions.
Then Lemma 8.36 is proved by applying Lemma 8.35 to Lj0 and L
j
1 for j = 1, 2,
· · · , l. 
8.4.3. Normal forms of chains. Let Ci be a chain in (Mi, αi) for i = 0 and 1.
Let L1i , L
2
i , · · · , Lli be the gradient manifolds which form Ci in the order of the
superscripts. We denote the α-limit set of Lji by Σ
j−1
i for j = 1, 2, · · · , l and i = 0,
1. We denote the ω-limit set of Lli by Σ
l
i for i = 0 and 1. We assume that the
closureN ji of L
j
i inMi is a smooth submanifold ofMi for j = 1, 2, · · · , l. We denote
a K-contact submanifold containing Σ0i other than N
1
i by N
0
i for i = 0 and 1. We
denote a K-contact submanifold containing Σli other than N
l
i by N
l+1
i for i = 0 and
1. Let Σi be a closed orbit of the Reeb flow of αi for i = 0 and 1. A diffeomorphism
f from an open neighborhood U0 of C0 to an open neighborhood U1 of C1 is said
to be an isomorphism if f(C0) = C1, f
∗α1 = α0 and f(ρ0(x, g)) = ρ1(f(x), g) for
every x in Σ0 and g in T
2. We have the following:
Lemma 8.37. There exists an isomorphism f from an open neighborhood of C0 to
an open neighborhood of C1 mapping Σ
0
0 to Σ
0
1 if and only if (G0)Σj0
= (G1)Σj1
for
j = 0, 1, · · · , l and (G0)Nj0 = (G1)Nj1 for i = 0, 1, · · · , l + 1.
Proof. We show Lemma 8.37 inductively on i. By Lemma 8.33, there exists an
isomorphism f0 from an open neighborhood of N00 to an open neighborhood of N
0
1
mapping Σ00 to Σ
0
1. Lemma 8.37 is true in the case where l = s. Consider the case
where l = s+1. By the induction hypothesis, there exists an isomorphism f s from
an open neighborhood of ∪l−1j=0N j0 to an open neighborhood of ∪l−1j=0N j1 mapping Σ00
to Σ01. Applying Lemma 8.33 to N
l
0 and N
l
1, we extend the isomorphism f
s to an
isomorphism f from an open neighborhood of C0 to an open neighborhood of C1
mapping Σ00 to Σ
0
1. 
102 HIRAKU NOZAWA
8.4.4. Normal forms of a T 2-orbit with trivial isotropy group. Let C be a T 2-orbit
of ρ with trivial isotropy group. Let L be a subset inM such that for an open neigh-
borhood U ′ of C in M , L ∩U ′ is a K-contact submanifold of (U ′, α|U ′) containing
C. Then we have
Lemma 8.38. There exists an open neighborhood U of C in U ′ and a diffeomor-
phism f : T 2 × [t0, t1]× C −→ U such that
(280) f∗α =
dx cos t+ dy sin t
a cos t+ b sin t
+
√−1
2
(z1dz1 − z1dz1)
and U ∩ L is defined by the equation z1 = 0 where (x, y) is the coordinate on T 2
induced from the Euclidean coordinate on R2, t and z1 are the standard coordinate
on [t0, t1] and C respectively.
Proof. By the argument in the second paragraph of Lemma 8.31, we have an open
neighborhood U ′′ of C in M such that (L ∩ U ′′, α|L∩U ′′) is isomorphic to (T 2 ×
[t0, t1], β) for some real numbers t0 and t1 where β is defined by β = dx cos t+dy sin ta cos t+b sin t
for some real numbers a and b. Since the T 2-orbits contained in L have trivial
isotropy group of ρ, the normal bundle of L ∩ U ′ is trivial as a T 2-equivariant
vector bundle. By Lemma 8.10, we have an open neighborhood U of C in M and a
diffeomorphism f : T 2×[t0, t1]×R2 −→ U which satisfies the desired conditions. 
8.5. Normal forms of the minimal component and the maximal compo-
nent of the contact moment map of dimension 3. Let Bi be the maximal
component or the minimal component of the contact moment map of dimension 3
in (Mi, αi) for i = 0 and 1. We show
Lemma 8.39. There exists an isomorphism from an open neighborhood of B0 to
an open neighborhood of B1 if and only if GB0 = GB1 , the oriented Seifert fibrations
defined by the Reeb flows on B0 and B1 are isomorphic and the Euler classes of the
normal bundles of B0 and B1 are equal.
Lemma 8.39 follows from Lemma 8.1 and the following lemma:
Lemma 8.40. Let α0 and α1 be two K-contact forms of rank 1 on a closed 3-
dimensional manifold M . (M,α0) and (M,α1) are isomorphic if and only if the
Reeb flows of α0 and α1 are isomorphic as S
1-actions with transverse orientations.
Proof. The “only if” part is trivial. We show the “if” part. Assume that α0 and
α1 have the common Reeb vector field R. Let ρ be the Reeb flow. We define
βt = (1 − t)α0 + tα1 for t in [0, 1]. Since (1 − t)dα0 + tdα1 is a volume form
on the base space by the assumption, βt is a contact form for every t. Hence
{kerβt}t∈[0,1] defines an isotopy connecting kerα0 and kerα1 as ρ-invariant contact
structures. By the equivariant version of Gray’s stability theorem [14], we have a
ρ-equivariant diffeomorphism f : M −→ M such that f∗(kerα0) = kerα1. Since f
is ρ-equivariant, we have f∗R = R. Hence f∗α1 = α0. 
We denote the symplectic normal bundle of B in M by E. We show that
Lemma 8.41. There exists an open neighborhood V of the zero section of E in E,
an open neighborhood U of B in M and a diffeomorphism f : V −→ U such that
f |B = idB, the restriction of f∗dα to each fiber of E is linear and f is equivariant
with respect to ρ on U and the linear action on V induced from ρ.
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Proof. Let g be a metric on M invariant under the Reeb flow. There exist an
open tubular neighborhood V ′ of the zero section of E in E and an open tubular
neighborhood U ′ of B in M such that exp: V ′ −→ U ′ is a diffeomorphism. Let
p : E −→ N be the projection. We denote the kernel of Dp : TE −→ TB by FE.
Let β0 be the element of C
∞(∧2FE∗|V ′) obtained by the restriction of exp∗ dα
to ∧2FE|V ′ . Let β1 be the element of C∞(∧2FE∗|V ′) obtained by the linear
symplectic form defined by dα. Since (D exp)x = idTxM for x on B under the
natural identification of TxE with TxM , we have
(281) (β0)x = (β1)x
for x on B. Let δ be the element of C∞(∧2FE∗|V ′) obtained as the restriction of
exp∗ dα− dα to ∧2FE|V ′ . Then we have that δ|B = 0 and dδ = β0−β1. We define
ωt = (1 − t)β0 + tβ1 for t in [0, 1]. By (281), there exists an open neighborhood
V ′′ of B in E such that ωt is nondegenerate on V ′′ for every t in [0, 1]. Define
the element Zt in C
∞(FE|V ′′) by ιZtωt + δ = 0 for t in [0, 1]. Then the isotopy
{ψt}t∈[0,1] generated by {Zt}t∈[0,1] satisfies ψ∗t ωt = ω0. In fact, we have
(282)
∂ψ∗t ωt
∂t
= ψ∗t
( d
dt
ωt + dι(Zt)ωt
)
= ψ∗t d(δ + ι(Zt)ωt) = 0.
Note that Zt|B = 0 since δ|B = 0. Hence ψ1 is well-defined on an open neighborhood
V of B in E and satisfies ψ1|B = idB . Since Zt is invariant by the linear action
induced from ρ, ψ1 is equivariant with respect to the linear action induced from ρ.
Hence if we put f = exp ◦ψ1, then f satisfies the desired conditions. In fact, we
have f∗dα = ψ∗1 exp
∗ dα = ψ∗1β1 = β0. 
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